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ABSTRACT
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This thesis investigates a variable fluid transformer as a device
for controlling the dynamic flow of fluid power in hydraulic control
systems. The variable transformer takes the form of a variable jet-
pump (VJP).
The advantage of the VJP over the variable orifice as a modulator
of fluid power is the reduction in hydraulic power that can be realized.
Typically, use of the VJP will halve system power requirements.
Two principal tasks are completed in the thesis. First, a work-
able VJP design and its static and dynamic characteristics are
determined. Analytical models to describe the characteristics are
given together with supporting experimental results. Second, the
feasibility of such a device in improving the power efficiency of
a hydraulic control system is demonstrated. In this respect a par-
ticular application--the four-way constant-supply-pressure control
system--is studied in detail with regard to efficiency and dynamic
control considerations. The experimental results using a position
control system are included.
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SYMBOLS
Notes
1. Given below are the usual meanings of the symbols. Symbols defined
and used only in short sections of the thesis are not listed.
2. It is important to realize that pressures are usually expressed as
gage pressures referred to P - 0. In absolute terms P is generally
greater than atmospheric.
Symbols
A area, with subscript
09 normalized area A/
Cvcy coefficient of velocity for exhaust "nozzle," induced
flow and choked flow respectively
Cd nozzle coefficient of discharge
D diameter of throat
d diameter of nozzle hole
H upstream stagnation pressure in converging-diverging
section
I index of relative efficiency
K ,k coefficient of velocity for exhaust nozzle, induced and
choked flow respectively
K solubility constant
IC modified solubility constant K/SR
K normalized check valve constant
c
K normalized orifice constant
o
Kf normalized fixed orifice constant
f
vii
pressure, usually gage referred to P 0
e
P
normalized pressure 
s
absolute vapor pressure of dissolved gases in hydraulic
fluid
power
volumetric flow
normalized flow Q Aref = AT in defining
Aref P pL' qs' and qe
Aref = A N in defining qN
linearizing exhaust flow
leakage flow in VJP
Reynolds number
Laplace variable
slip ratio
a delay, transmission, or propagation time
time
velocity
volume or specific volume depending on context
angular frequency
linear dimension giving position of slider
normalized x( x .)
Xref
liquid fraction of mixed phase or an angle
angular delay of a check valve or increment of a value
(i.e., At)
efficiency of mixing section and diffusor
viii
Pp
P,
p0
IP
Q
q
qeo
qNo
R
(SR)
T
t
V
v
w
x
X
a
A
n
viscosity
exhaust flow momentum coefficient
density
kenematic viscosity
Subscripts
e
eb
g
L
max
.min
N
ref
s
sat
T
vap
1
2
3
exhaust (not blocked)
exhaust (blocked)
gaseous phase
load
liquid phase
maximum
minimum
nozzle or normalizing (QN)
reference
supply or occasionally shock
saturation, refers to vapor pressure of pure fluid
throat
vapor, refers to vapor pressure of dissolved gases
at section 1
at section 2
at section 3
Abbreviations
VJP variable jet pump
VJPV variable jet pump valve
ix
1J
p
1
U
Special Functions
F1( PL' X, QL) 0 0 or F(PL, x, QL) = 0 is the characteristic function
of a VJP in normalized and ordinary form respectively.
F2( L' X, qs) = 0 or F2 (PL, x, Q) is the supply flow characteristic
function of a VJP.
F3( PL' qL' qs) = 0 or F3(PL, QL' Qs) is the derived characteristic
function of the VJP.
G1, G2 and G3 are the corresponding functions for a VJPV. The notation
X = F1( ,qL) or Qs = F3(PL' QL) for instance will also be used to
indicate the functional relationships. f(x) is a normalized function
giving the apparent area of the variable nozzle as a function of the
normalized slider position.
x
Introduction
There are several conventional methods of controlling the flow
of fluid power. In the area of direct modulation of fluid streams the
variable orifice occupies a preeminent place. Other means include the
jet-pipe valve and the fluid amplifier. Each of these devices control
power by dissapating a large part of it. The variable orifice is ana-
logous to a variable resistor. The flow times the pressure drop through
the orifice represents a power loss. The jet-pipe valve and fluid
amplifier require a constant power input whether any output work is
being done or not.
This thesis investigates a more efficient alternative to these
devices. Clearly the ideal modulation of fluid power from an efficiency
standpoint is a variable transformer which can dynamically match the
flow and pressure requirements of a load with the flow and pressure
characteristics of a source of hydraulic power with a minimum of power
loss. The jet-pump is a crude fluid transformer in that it can- convert
a fluid stream of a high pressure (relative to a common low pressure
stream) to a fluid stream at lower pressure and higher flow. A variable
jet-pump (VJP) in which the primary flow can be varied is a dynamic
control device which, although far from a loss-less transformer, does
enable more efficient control systems than with other means of direct
fluid modulation.
The operating principal of a VJP is straightforward. A modulated
circular jet propelled by a high pressure source enters a region of low
pressure fluid, then a tubular straight section (mixing section), and
finally a diffusor. The low pressure fluid is entrained with the jet
and also passes into the mixing section and diffusor. The pressure and
flow at the output of the diffusor depends on the size of the primary
circular-jet and the amount of induced flow. The primary jet is modu-
lated by moving a cone axially in the hole through which the jet stream
is passing. This is very similar to the variable nozzles on some Pelton
wheels.
Although this appears to be the first systematic study of the VJP,
a 1948 patentl incorporates a VJP in regulating the pressure output from
a pump. Cunningham2 suggests that a VJP might have application as a
lubricating oil scavenge pump for aircraft engines. Recent literature
on liquid jet-pumps is quite sparce; however, Cunningham makes a rather
thorough investigation using liquids similar to hydraulic fluids. A
recent thesis by Murdock8 is a valuable aid in understanding the phenomena
of jet-pump choking.
There are several books dealing with the general subject of hydraulic
control.1 ' The author made extensive use of Blackburn et. al. in this
regard.
Chapters 1 and 2 of this thesis deal with the VJP itself. Chapter 1
is concerned with the static or steady state properties. Chapter 2 deals
with dynamic considerations.
Chapters 3 through 6 are concerned with applications, principally the
four-way constant-supply-pressure variable jet-pump valve (VJPV). Chapter
3 deals with the design and control considerations. Chapter 4 with the
relative power requirements of the VJPV controlled system and the ordinary
Superscripts indicate a Reference found on page 150.
.
3.
orifice valve controlled system. Chapter 5 relates the experimental
results using a bread-board VJPV in a position control system. Chapter
6 very briefly indicates other applications and areas of possible future
investigations.
4.
Chapter 1
STEADY STATE VJP CHARACTERISTICS
Introduction
In this chapter the steady state characteristics of a variable
jet pump (VJP) are investigated. It is desired to be able to relate
analytically PLI Ps Pe Qs' Qe' QL' x, d and D for such a device.
Referring to Fig. 1.1 the pressures PL' Ps, and Pe are the stagnation
pressures at the three fluid ports of the VJP and are the load, supply,
and exhaust pressures respectively. QL' Qs' and Qe are respective
flows through these ports. D and d are characteristic dimensions of
the VJP and are the throat diameter and slider diameters respectively.
All other dimensions of the VJP are specified in terms of D. x is the
opening of the nozzle cone and is defined pictorially in Fig. 1.3. In
particular, in any given application P, Pe' d, and D are considered
given, and what is needed is a function of the form F1(PL, x, QL) = 0.
In popular hydraulic control work F1 is said to describe the "character-
istics of the valve." Since this is not an ordinary orifice valve, QL
is not equal to Qs in general. Therefore, one also needs a function
of the form F2(PL, x, Qs) 0 or F3(PL QL' Qs) = 0 to completely specify
its performance. Note that by continuity QL = Q + Q at least in the
steady state.
The VJP exhibits three distinct operating modes. At sufficiently
low load pressures, PL' the output flow does not depend on PL. This is
the choked condition. At sufficiently high load pressures there is no
5.
pumping action (Qe < 0) and, therefore, it is desirable to block the
exhaust port so that Qe = 0 in order to improve energy efficiency.
This is the blocked condition. In between these two extremes is a
condition of induced flow where a decrease in PL is accompanied by an
increase in QL and Qe. This latter is the usual jet pump or ejector
action and is called the induced flow condition.
The particular geometry of the VJP (see Fig. 1.1) except for the
scale factors d and D was determined after trying a variety of geometries.
In particular, 5 different mixing sections, 2 different nozzle plates,
and 3 different sliders were tried. The final geometry is a compromise
between performance, ease of manufacture, control considerations, and a
desire to have a good performance over a wide range of operating Reynold's
numbers. No actual attempt to mathematically optimize was made however.
The text is divided into six sections.
First: the variable nozzle characteristics are discussed under
conditions of induced or choked flow.
Second: the performance of the jet-pump in the region of induced
(but not choked) flow is analyzed.
Third: the phenomena of choking is investigated.
Fourth: the characteristics of the jet pump under conditions of
blocked exhaust port is presented.
Fifth: the pressures and forces on the nozzle cone are discussed.
Sixth: the experimental apparatus is presented.
In each section the theory and experimental "verification" are presented
together. Insufficient data has been taken for a complete empirical
description over all likely operating conditions.
6.
Nozzle Flow Characteristics
The purpose here is to relate the nozzle flow, Qs - QN' to x given
P P , and PL' under conditions of induced and choked flow. The
following assumptions are made:
1. The flow depends on x, P, and Pe and not PL
2. The flow is restricted predominantly by inertial effects and
not viscous effects. Thus, Bernoulli's equation is approxi-
mately correct and more particularly the orifice equation applies.
QN CdAN 1.1
3. The AN above is a function of only x and d. Thus, fl(AN, x, d) -
0 or by dimensional analysis
f2(C AN C 2 -d)= where C and C 2 are constants. In par-f 2 (C 1 y2 C2 = 1 2
ticular then, take:
AN x x
2= f(X) where X - x _ d/2 1.2
-;-d re f
Using assumption 1. and Eq. 1.2, Eq. 1.1 becomes:
d 2 V2(P - P)
QN = Cd d f(x) 1.3
or recalling that P_ 0
QN
qN Cdf(X) where qN 1.4N d 2 Ps
This section deals with the VJP nozzle flow except when the exhaust
This section deals with the VP nozzle flow except whioen the exhaust
port is blocked. See section 4.
7.
Both qN and f(x) have convenient physical interpretations. qN is
proportional to QN and equal to 1 when QN is that flow that would be
realized when the fluid flows at its potential velocity, s ,
d2
through the entire nozzle area, 4 d . Thus, 0 < qN < 1. f(X) is the
ratio of the "apparent" area of the nozzle with the area of the entire
nozzle hole.
Several possible "apparent" areas suggest themselves and were tried.
These are: (see Fig. 1.3)
1. perpendicular area
2. minimum area
3. radial area
4. angular area (1 and 2 are special cases of this).
None of these are found to be satisfactory for all values of X but the
radial area fits very good over the range X < 1 which is the range of
values of interest because for X > 1 the gain of the variable nozzle is
df
small (i.e., dX is small) and of little use for control purposes.
Of course, f(x) could be defined entirely empirically and not rely
on a corresponding physical area and where extreme accuracy is needed
this may be necessary. But for feedback control applications, the radial
area interpretation is satisfactory and has the advantage of a physical
interpretation. Hence, we will take:
(d 2x) 2
4 4 = 4dx - 4x = 2X- X (X i O)
4d d
4
1.5
(X < )- O
8.
Because in the real case the clearance between the slider and the
nozzle plate is not reduced to zero for X < 0, Eq. 1.4 is modified to:
qN Cdf(X) + qNo 1.6
qNo is easily determined experimentally by measuring qN for X 0
where f(x) = 0.
Cd is an experimentally determined constant which for a given geometry
is a weak function of the Reynold's number RN.
Nredf where V S 1.7RN ref 
thus:
82Psp d
RN - 1.8
This definition has the advantage of not depending on a measured velocity
and, more important, not depending on x.
Although the geometry of Fig. 1.1 has been assumed throughout,
experimental evidence indicates that Eq. 1.6 applies to any nozzle of
the general form of Fig. 1.3 where 6 > a, a < 45° , < 90, where a more
general form of Eq. 1.2 should be used. Namely,
X -x 1.9
Xref d cot(a)
9.
Fig. 1.5 gives plots of qN vs. X (and x) for 3 different RN and
superimposes Eq. 1.6 for various values of Cd. The desired value
of Cd is approximately given by:
RN Cd
21,400 .65
17,500 .64
12,300 .63
In each case qNo - .03, but in well machined variable jet pumps it
should approach zero. For instance, in a VJP with slider diameter =
0.10 inches and diametrial clearance 0.0002 inches, qNo should be <
.004. It is easy to verify that qNo must be less than
area of clearance 1 2 diametrial clearance .
total area of nozzle hole diameter
Having related slider position to supply flow through Eq. 1.6, it
will be convenient to work with Qs or qs in most of the remaining dis-
cussions (i.e., work with F3 ) rather than x, (i.e., F1 or F2) thus the
following definition is pertinent.
Qs
q ' which since Qs QN
D 2 Q 1.10
V~V 0and qN _ 2P
2 d-
qs () qN  ( (Cdf(X) + qNo)
Thus, we are led to an equation of the form F2 ( L' X, qs) = 0 for
the region of induced and choked flow, namely Eq. 1.10.
10.
ReRion of Induced Flow
The calculation of the amount of flow induced into the VJP, Qe'
is the most difficult fluid dynamics problem associated with the VJP.
This is the area of concern for most of the literature on jet-pumps.
The most often cited reference in the field of incompressible-flow jet-
pumps is the Gosline and O'Brien.3 The most pertinent to this work is
Cunningham.2 Both arrive at the same expression in slightly different
form. This expression is cumbersome to work with, especially when the
jet-pump has a variable nozzle. Both Gosline and O'Brien, and Cunningham
(and all studies of jet pumps known to the author) are concerned with
jet-pumps with fixed-area, uniform-diamter nozzles. Their expression,
in terms of the variables used in this report is:
2 2
'e 2 q
2q C + - ( 2 - ) q 1.11L s V q L 2 .1
s q
16--- 2 
1 -VV
where CV, rn, K are empirical coefficients. The flows and pressures
have been normalized to eliminate terms involving P , Pe' d, and D as
defined in the symbols table.
In what follows, three distinct models are examined, all of which
yield a particular "derived characteristic function" (i.e., F3) such
as Eq. 1.11. Two important properties of these functions will be
examined: (1) simplicity and (2) agreement with empirical results. The
models differ principally in the choice of control volume around the
mixing region of the VJP and the assumptions regarding the nature of
the flow.
11.
MODEL 1 (see Fig. 1.2)
The following assumptions are made:
1. Complete mixing takes place in the throat region between
sections 1 and 2 (i.e., VL is constant at section 2).
2. The velocity profile at section 1 consists of a central cir-
cular core area, As, moving at velocity V that contains the
entire supply flow Qs and an annular region around As of
area AT - As moving at velocity Ve that contains the entire
flow Qe
3. The "nozzle" or "orifice" equations apply to the flows Qs and
Qe' i.e.,
2(P - P) 2( - P)
v 2
~s p + 2 113V -e 1V K 1.12s v P e v p
4. Head losses due to wall friction in the throat and diffuser
inefficiency are proportional to V 2
2
vV 2
P -P +- n 1.15PL = P2 + '2' n 1.15
(AT - As) Ve + AsV ATVL (ontinuity) 1.16
12.
AsV = Qs, (AT - As) V = Qe (continuity) 1.17S s e
2APlAV2 2 2AT+ApV
ATP1 + (AT - A) P Ve + As p Vs = P2AT + ATP V
(momentum) 1.18
These equations can quite readily be reduced to the following dimension-
less forms:
cv V -F1 s q  1.19
where -
(1 - ) k V-1 qe 1.20
- P1 [2K 2 + 2 (Cv2 K 2) _ 1] + 2C 2A 
2(2 - n) qL = ?L 1.21
Unfortunately, this cannot be solved in closed form to give F3( 9 L qL'
qs) because of the terms - and V- T . However, it can be
solved along the important line where qL = qs. This solution is:
2CLq (2 q =2CqvL - (2 - 2) q 1.22
This line, of course, separates the region of induced flow from the
region of blocked exhaust flow. It is also useful because data is fairly
easy to obtain along this line and thus Cv and n can be determined, leav-
v
ing only K to be determined by other means.
v
13.
MODEL 2 (see Fig. 1.2)
All the assumptions of Model 1 remain valid except that one
assumes:
Ps - Pe)V2(P -P
s v ~ p instead of Eq. 1.12 1.23
2(1P -P1)
V K V
e v P
This change is hard to justify except that a great simplification
results.
Thus, if we replace Eq. 113 with
2P V
s e 2C
2C
v
1.24
the final result is the usual jet-pump equation given by Cunningham
and others.
2
2qe 2
P 2qsC + q- (2- n) qLL sv 1 - L
C
v
2
qe
2
K 2(1 _ )
v V
V
Note that this equation also reduces to Eq. 1.22 when qL = qs.
MODEL 3 (see Fig. 1.2)
In order to obtain further simplification we take advantage of
the empirically observed fact that the nozzle flow does not depend on
* P -P
It may be considered an approximation since [ e 11 is usually
less than .3. P - P
s e
1.25
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the downstream pressure. This implies that in the immediate region
of the nozzle, the pressure must be Pe. The assumptions for this
case are:
1. Complete mixing within the control volume.
I.e., VL is constant at section 3.
2. Along surface 1 the pressure is P and only the nozzle flow
crosses this surface. The nozzle velocity is given by:
V =C 
s v p
3. Along the cylindrical surface 2 the velocity profiles are
similar for all flows.
4. Head losses due to wall friction in the throat and diffuser
inefficiency are proportional to VL 2.
In equation form these assumptions become:
2p V
P +P 
s e. 2 2C
v
1.26
energy
PL = P3 + VL2PL =P3 2 n
1.27
AVs - Qs ATVL - QL
Ve A2 f (x/xo)e 2 o
PeA + As Vs + -V
0
(continuity)
(a vector equation)
a · Ve Ddx = p VL A + P 3AT
r x
(momentum)
1.28
1.29
1.30
15.
Eq. 1.29 is a mathematical statement of assumption 3. It is, in fact,
a vector equation which can be written:
Ve A fx(x/xo)
fx
1.31
-Q
er A2 fr (xx o )
Note that by our geometry, Fig. 1.1
3o2
2
and rDxo 4-D A20 2 2 1.32
It has been assumed that f(x/xo) does not change for any flow. Thus,
if one defines:
1 1
3f fx(t) f (t) dt = constanty
Eq. 1.30 becomes
Qe2 30 2PeAT+A 0V 2 +e p '* 2
Ps + As Vs + P A2 P VL AT P 3AT
Equations 1.36, 1.37, 1.38, and 1.34 simplify to
BL - 2Cvqs -(2 - n) q2 + qe2
1.33
1.34
1.35
or using:
16.
qL 3 q + qe
P = 2Cvq - [2 - n - ] e ( 2 - n) qs (2 - n) 2qq
1.36
Eq. 1.35 is a much simpler expression than that derived from
Models 1 or 2.
As mentioned previously the criteria for choice of a particular
model to describe the flow should be (1) simplicity of resulting
expressions (2) agreement with empirical data. On the first count,
one can certainly eliminate Model 1 because the resulting relationships
cannot be expressed in closed form.
Empirically, since all models yield 6L - 2CvqL - (2 - n) q along
the line where qe = 0, it is fairly easy to determine suitable values
for C and n. Many previous studies are also available for predicting
C for simple nozzles and for very high Reynolds numbers. A value of
0.975 is typical.
The data taken indicates that C = .97 is good for R > 12,000 and
v
probably for lower . n, as would be expected, is a strong function of
RT for "low" Reynolds numbers. The empirical results are:
RT n
14,000 .54
20,000 .56 (see Fig. 7a, b, and c)
25,000 .61
If this study were concerned with explaining the mechanics of flow,
simplicity would not be a suitable criteria. However, since the
resulting expressions here are to be used to analyze control systems
using VJP's, simplicity is of essence.
17.
It is important to realize that the RT used here is defined by:
2D P v .
RT 1 37
Thus, the more conventional Reynolds number,f(VLD)/u , is in fact qL
times RT. The reason RT is used instead ofp(VLD )/u is that the latter
is not constant over the entire range of operation. Admittedly n is
actually better correlated with (VLDf)/U (and usually is) but to do
so would greatly complicate the calculation of the flow characteristics
of the VJP since n would not be constant.
Once n and Cv are determined, all that remains unknown is K in
Model 2 and in Model 3. Cunningham takes K = 1. In Fig. 1.7a is
v
plotted the theoretical curves of Eq. 1.35 and Eq. 1.11 for Cv = .97,
n =.61, K = 1.0 and K - .906, , = .84. It can be seen that Eq. 1.11
with K = 1.0 provides the best fit with observed data. Eq. 1.35 with
= .84 is a close second.
However, it is apparent that the data fits straight lines better
than the parabolas provided by Eq. 1.35. Thus, one is tempted to
linearize (i.e., approximately by straight lines) one of these equations.
If this is done to Eq. 1.35 there results:
P - 2Cqs - (2 n) qs2 - [2(2 - n) qs + (2 - n - )qeo] qe
1.38
This, in fact, is a very simple equation since it takes the form of:
1.37
18.
= A(qs) - B(qs) q where A, and B are 1.39
functions of qs
where as we have seen (Eq. 1.10) qs is only a function of the slider
position.
Furthermore, this linearized equation fits the empirical data very
well (better than either model 2 or 3) when qe = .35. (see Fig. 1.7a).
As seen by Fig. 1.7a, b, and c, can be considered .84 for all values
of RT between 14,000 and 25,000. The author surmizes from the way the
* enters the derivation, that it can be considered constant for suffi-
ciently large RT . qeo on the other hand, depends on the range of values
for qe for which Eq. 1.38 is to be used. For values of qe up to 0.5,
qeo = 0.35 appears to be satisfactory.
Because of its simplicity and good agreement with observed data
Eq. 1.38 will be taken as the characteristics of the VJP for control
system analysis. It is an equation of the form F3(l L, qL' qs) = 0.
Choked Flow
In the operation of a VJP it is observed that (for constant x) as
the downstream pressure is reduced the supply flow, Qs', remains constant
and the exhaust flow, Qe' increases until a critical value of PL is
reached. If the value of PL is reduced below this value, no change in
Qs or Qe takes place (i.e., QL = Q + Qe const.). Explanations of this
phenomena, called choking, have been made by Cunningham2 and Murdock.8
The lower bound unknown
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Cunningham's analysis is quite accurate, where there is not appreciable
dissolved gases in the fluid. Murdock offers a more refined analysis
which accurately predicts flow at choking and is intended for the case
where the dissolved gases are an important factor in choking. In the
case at hand the dissolved gases are the constituent of the hydraulic
oil that cause the choking. Hydraulic oils generally have low vapor
pressure in their pure state , but they do dissolve gases from the sur-
roundings until reaching equilibrium. These gases will evolve from
the oil whenever the pressure of the oil falls below the pressure at
which it is stored in contact with a gaseous atmosphere. In practice
this would very frequently be air at 14.7 psia. Even though the dis-
solved gases cause choking in the VJP, the author believes for reasons
put forth in detail in Chapter 2 that Cunningham's general approach is
more accurate in this case.
Fig. 1.6d displays the conceptual model. As Cunningham observed,
choking sets in when the pressure at section 1, the entrance to the
constant cross section throat, falls to some critical pressure. This
pressure can be taken as the vapor pressure of the dissolved gases
Pvap, when the following condition is satisfied. Namely:
2P K
1 - + vap < 0O 2.22a
0
The vapor pressures of J-43 oil at 100°F is .0029 psia. J-43 oil
at approx. 96°F was used in all experiments reported here.
According to Cunningham a volume of air equal to 11% of the volume
of -43 oil is dissolved at STP.
20.
where p is the absolute vapor pressure of the dissolved gases and 
is a modified solubility constant. In Chapter 2 it is concluded that
the above condition is usually satisfied in VJP applications and we
will assume so here.
If the flow at Section 1 is considered to be two distinct flows:
one containing the supply flow, Qs', at velocity, V ; the other contain-
ing the exhaust flow, Qe, at velocity, Ve, the following equations apply:
p V 2 2(Ps - P1 )P P + V = c
2Cs 1.40
P 0 P + e V ' kV 
v
where c and k are "coefficients of velocity" often used in nozzle theory
v V
to account for observed departure from frictionless flow. The supply flow
pases through a circular section at Section 1 of area A The exhaust
flow must pass through an area AT - A. By continuity:
A V - Q, (AT - As) Qe 1.41
From Eq. i.40 we can write:
2(P -P 1)
A c Q
s v p s 1421.s)v 42
V P 1
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Eq. 1.42 can be written in dimensionaless form:
P -P Al 
qs v A V where A - s
s
\-P1 1.43
=k (1 - A) 
Eliminating A yields:
Cv S + k A = 1 1.44
During choked flow P is the vapor pressure of the pure fluid. Thus:
s P qe
+ e - 3 1 1.45
c P -P +k -
Two constants, c and k in Eq. 1.45 remain to be found experimentally.
There are a great many variables that cv and kv could depend upon.
Fortunately, given that RT, Rap are sufficiently large c appears
to be constant .99 and k = .93. Equation 1.45 can, of course, be
put in two different forms by using the continuity equation:
qL q e
P s Pvap D, 1, p.
**
RT15,00O, R a= 7,000 are sufficiently large, but probably much
longer than necessary.
V.
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Thus:
q P P s 1pC V--P + [ k - P -P
v s vap v vyap v s vap
1.47
.L V A 1 s _ 1 s
k -P +q [ c P -P k -P
v vap v s vap v vap
Equations 1.45, and 1.47 are of the form F 3 (P, qL qs) 0. Fig.
1.6a, b, and c show experimental results for three different combina-
tions of P and P
s vap
A word is in order to explain why cv & C even though they enter
v V
in the same manner in the choked flow and induced flow derivations (note
however, they are very close to equal).
First, in the induced flow derivation we are interested in the
momentum carried by the streams, i.e.:
p V2dA p V2 A 1.48
A
in the choked flow derivation we are interested in mass flow, ie,
f VdA - VA 1.49
A
where in each case the coefficient of velocity, C, is defined by:
C(potential velocity) C - V 1.50
W P
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Second, during choking the flow pattern is different. Cv is
evaluated along the line where Qe = 0. However, c is evaluated at
the maximum Qe
Blocked Exhaust Flow
Since the use of the VJP as conceived here is to be an efficient
(relative to the variable orifices) modulator of hydraulic power flow,
it will be important in most applications to block the exhaust port
whenever Qe would otherwise be negative. When this port is blocked,
the VJP no longer operates as a jet pump, but rather as a variable
orifice.
To derive the desired mathematical relationships relating Qs' PL'
QL and x, we note that in the region of blocked exhaust flow:
Qs P QL or qs 5 qL 1.51Qs QL s L
This is of the form of F3 = 0.
The relationship F1 O0 (in this case F is identical to F2) can
be found using equations of section 1 and 2 where P is set equal to
e
Peb and Qe O. Namely, Eq. 1.3 becomes:
QN C 1.52
or
P -P
s eb
.. 5
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We must, of course, make the modification for leakage in the real
case, which makes Eq. 1.53:
qN- = (Cdf(X) + qNo) V l ) Pe b 1.54
and by Eq. 1.10.
(2
q s (d (Cdf(X) + qNo) 1.55\/ 1 - Peb
Eq. 1.34 becomes:
Peb AT + As p V
2 VL AT P 3 ATS
since Qe - O. Using 1.26 and 1.28 Eq. 1.56 becomes:
eb AT + Qs 
2(P - eb) Q 2
cv p + PAT 3 AT
Dividing by PsAT, this becomes:
6eb + 2Cvqs = 2q 2 + 6P3
From Eq. 1.27
-- p3 + n qL2
6VL.= p3 
then:
1.56
1.57
1'.58
1.59
T' - ?Pe
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eb 2Cvqs V e - b L CL 1.60
Since from Eq. 1.55:
1- eb [(D)2 (Cdf(X) + qNo)] q 1.61
Eq. 1.60 becomes:
2L =1 - {2 - n + [(d) (Cdf(X) + qNo) -
1.62
..E. 16i(Cdf(X) + qNo)] -
Eq. 1.62 is of the form
L 1 - A(X) , (A is a function of X) 1.63
which is as expected, the orifice equation. Since in the derivation
of 1.62 no new assumptions were introduced, this equation will be
valid if the induced flow analysis and the nozzle flow analysis are
valid. Therefore, it is necessary to take no data to verify Eq. 1.62.
Cone Forces and Pressure
The hydraulic fluid as it passes through the nozzle will exert a
force on the cone face and the supporting uniform diameter shaft. Due
to symmetry the total force will be solely in the axial direction.
Because the cone's position must be varied in using the VJP as a dynamic
control device it is of some importance to know the approximate axial
force exerted on it by the fluid.
L
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To determine this force, consider a control volume adjacent to
the cone face as shown below.
The fluid enters the C.V. entirely through cylinderical surface 1 and
departs entirely through 2. Assume the surface of revolution between
1 and 2 is at pressure P O. This assumption is the same one made
e
earlier in considering the induced flow Model 3 and is based on the
empirical observation that nozzle flow depends only on P and P but
e s
not PL' By introducing an average pressure PN acting on the nozzleLiN
cone the momentum equation for the C.V. writes:
2
PN ( 4 ) + QV1 sin () = p QV2 1.64
where we take the velocities across 1 and 2 as constant and given by:
V1 = rdxcos () 2 v 
which are, in fact, continuity and Bernoulli respectively. Noting that
from Eq. 1.4 qN is given by:
L
f
7f
=f QN
Cdf(X) 2 2Pd __
4 p
where f(x) = 2X - X
X
X = d/2
Using Eq. 1.66 and 1.65, Eq. 1.64 reduces to
The right-
using Eq.
q2 P
- 2C qN tan(e) N where 1.6FN = v N X N ~-
hand side can be written entirely as a function of X or qN
1.66.
N = 2CvqN - tan(O)
7
2
qN
1- I -
d
or
(X) - tan(f2
N 2C C f(X) - tan(O) dN vd X
Experimental measurement of the force on the nozzle cone indicated
that 0 " 51°. Fig. 1.14 gives a comparison of the curve given by Eq.
1.68 with experimentally observed data. As expected cone force did not
depend on the amount of exhaust flow but only on the nozzle flow.
It may be desirable to balance the force on the cone in some appli-
cation in order to prevent force feedback. The most obvious scheme to
do thiso to drill a small hole in the cone face and lead the hydraulic
fluid back to a balancing cylinder, is shown.
1*
f
iI
IlSii
q
iit
7
.,
v..
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1.66
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In order to be in perfect balance the pressure at the hole must
equal PN, the average pressure on the cone.
It is unlikely that any single point on the cone face would have
the average pressure acting on it under all conditions, however, some
points probably will give better balancing on the average than others.
While this problem needs much more attention, the following qualitative
observations were made. By symmetry the pressure on the cone face
should only be a function of radius for a given set of conditions.
Four separate cones and support shafts equipped with pressure taps were
built with holes drilled at (h/d) equal to 0, 0.21, 0.31, and 0.44.
While attempts to measure the pressure distribution with the use of
these devices gave erratic results, the indication was that a hole near
the outer edge would be best. Two cones with supporting shafts and
balancing cylinders were then built. One with a hole in the center,
the other was with a hole at (h/d) = .35. These were then placed in
the VJP and manipulated by hand. The one with (h/d) = .35 gave the best
results. Its position was easily controlled by hand and required only a
few ounces of force. Under the test conditions the unbalanced force on
the cone was of the order of 10 pounds. The radius (h/d) = 0.35 also has
the conceptual advantage that half the cone area lies within the radius
and half outside.
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In constructing the dynamic VJP's used in the experimental work
in Chapters 2 and 5, the cone forces were balanced using a hole at
(h/d) .035.
Summary of VJP Characteristics
REGION OF BLOCKED EXIT FLOW
here L > 2Cvqs - (2 - n)qs
F2( L' X, qs )
2L ~~~~~D d -1(Cdf(X) + No)] · 2Cd No ~~~V
2
+ [ (D) (Cdf(X) + qNo) ]-2
qL = qs
2
F3(PL' qL' qs )
F1( PL' X, L) same as F9 since qL = qs
REGION OF CHOKED FLOW
qshere 1 --
c
F2( PL X, qs )
F3( L' qL' qS )
s
P - P
s yap
2
qs (D)
qe
kv
P
-P
yap
(Cdf(X) + qNo)
ci P
1 V s s
c P P
v s yap
S
k -P
v vap
.
.
;
L
Fl(P L , X, qL) Substitute F2 in F 3
REGION OF INDUCED FLOW
here
and
L <- 2Cvqs - (2- )qs2
-P k
q < k qvap qv
e v P s c
s v
F2(p L , X, qs)
d 2
qs ()
F3( PL' qL' qs)
(Cdf(X) + qNo)
pL = 2Cvqs - (2 - n) q 2
-[2(2 - n) qs + (2
F1( 6 L X, qL ) Substitute F2 in F3
Note that qL qe + qs
f(x) = 2 - x2
EMPERICAL CONSTANTS
Symbol
n
C
v
Name Range of Values
"diffusor" efficiency
nozzle velocity coefficient
exhaust flow momentum coefficient
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-P
-vap
P -P
s vap
- n - ) qeo qe
L
.54 - .61
.97
.84
I
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Symbol Name Range of Values
qeo linearizing "average" exhaust flow .35
qNo leakage flow > 0
Cv nozzle saturation coefficient of velocity .93
k exhaust saturation coefficient of velocity .99
v
Cd nozzle coefficient of discharge .63 - .65
The values of the above coefficients are subject to the restrictions
made in the text. In particular n and Cd are functions of the appro-
priate Reynolds numbers, q eo .35 applies for qe < .5, and c and k
are dependent on fulfilling the condition of Eq. 2.22a.
Experimental Apparatus
The apparatus to determine the characteristics of the VJP is quite
simple. The VJP itself is constructed as shown in Fig. 1.8. While all
results given in this report apply to the standard geometry of Fig. 1.1
where D .125" and d = .108", the apparatus itself is flexible, and
several different geometries were tried as discussed in Appendix 1. The
slider position is controlled by a screw with 20 threads/in. The head
of the screw has 10 equally spaced machined grooves which are lined up
with a machine groove on the VJP housing, giving steps of .005 in. The
complete apparatus is indicated in Fig. 1.9. The pressure gages were
calibrated with dead weight pressure calibrators. The load flow was
measured by 2 rotometers; the exhaust flow by a positive displacement
motor driving a D.C. generator connected to a V.T.V.M. The flow measur-
ing devices were compared to each other and found to agree within .1 gpm
at all flows.
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Photographs of the VJP used to determine the static characteristics
are shown in Fig. 1.13.
An adaptor for the VJP of Fig. 1.8 was built to measure cone
forces and pressures. This adaptor is shown in Fig. 1.15. The force
transducer is a Dynisco 0-25 lb. transducer.
s
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Chapter 2
DYNAMICS OF THE VJP
Purpose
It is desirable to be able to use the results of the previous
chapter in predicting the dynamic performance of a hydraulic control
system. In the previous chapter the output pressure, PL, of the VJP
was functionally related to the output flow, QL' and nozzle cone posi-
tion x, given the supply pressure, P , and the exhaust pressure, P.
S e
However, this is only for stationary values of QL' x, and PL. It is
the task of this chapter to investigate the contributions of the VJP
to the dynamics of a control system.
Conclusions
The general conclusion of this study is that under conditions
normally encountered in hydraulic control systems, the designer can
consider the output pressure, PL' as a function of the instantaneous
values of QL and x only, and hence identical to that predicted by the
static characteristics.
An important exception to this conclusion occurs in the region
of choked flow, where the presence of a mixed phase in the diffusor
of the VJP results in rather large compressibility effects and signal
transmission delays. These effects are most pronounced in large VJP's
operating at relatively low pressures. In most applications the choked
flow is the least likely condition of the VJP and the designer may take
pains to avoid it altogether if the forementioned dynamic effects will
degrade performance. The design of control valves using VJP's is
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discussed in the next chapter. The inertial, viscous, and compressi-
bility effects of lines connecting the VJP to various other components
in the system are not in general to be ignored. The check valve should
be located immediately adjacent to the VJP in order to make the com-
pressibility effects of the fluid volume between the check valve and
the VJP mixing region negligible.
The analysis which follows is intended to justify the above
conclusion and to indicate the limits on the validity of this conclu-
sion. The experimental section of this chapter is to verify that there
are no transient changes in flow regemes (i.e., flow patterns) under
dynamic conditions that materially effect the characteristics.
Normal Operating Conditions of Hydraulic Control Systems
) The expected application of the VJP is in replacing variable orifices
in conventional hydraulic control systems. In general, it will be most
advantageous to do so when high power flows are involved so that the
increased efficiency of the VJP results in an appreciable savings.
In a somewhat arbitrary fashion the normal operating domain of
hydraulic control systems will be specified here to provide a basis
for subsequent simplifying assumptions.
Range of output horsepower 0 - 100 hp
Operating pressure range, P 1000 psi - 6000 psi
Vapor pressure of dissolved air
in hydraulic fluid 15 psia
Exhaust pressure P > 0.2(P - P)e - s e
in absolute pressure units
Dynamic response range:
Under 10 hp 0 - 200 cps
Over 10 hp 0 - 100 cps
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In the case where these limits do not apply, most of the simplified
assumptions will still hold; however, they should be checked. Output
horsepower is defined as that horsepower that would be delivered at
p= 0.3, q = 0.6.
One of the most important parameters in the dynamic study is the
characteristic dimension, D, the VJP throat diameter. Figure 2.1 plots
this versus input pressure, P , for lines of constant horsepower.
In this graph, as in all other numerical examples, the density of
-5 lb.sec 
the fluid, , is taken as 7.8 x 10 in 4 which is the density of
J-43 at 90° F. In numerical examples we will also take the bulk modulus
as 105 psi. This is considerably lower than most hydraulic fluids at
room temperature but both dissolved gases and temperature can increase
*
the compressibility.
Assumption of Lumped Effects
It is extremely convenient to be able to consider the inertial and
capacitance effects of the fluid in the VJP as lumped parameters. This
assumption is justified if disturbances in the VJP propagate throughout
the VJP in a negligible amount of time. Pressure disturbances propa-
gate at the speed of sound relative to the medium. In the cases of
blocked or induced flow conditions the VJP is filled with liquid. The
speed of sound in hydraulic fluids is of the order of 3.56 x 104 in/sec.
The maximum D of interest from Fig. 2.1 is approximately 0.5 in., hence
a disturbance will propagate the length of the VJP (i.e., 5 in.) in
* r~~~~~~6
See pages 57 - 58 of Lewis and Stern for temperature effects.
Unpublished work at M.I.T. indicates that dissolved gases can
greatly reduce the bulk modulus.
This is based on density and bulk modulus mentioned in previous section.
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1.4 x 10 sec. This is a negligible effect since at 100 cps the phase
lag will be 360 x (1.4 x 10- 4) x (100) = 5. Most VJP's would be con-
siderably shorter. Thus, we will consider the oil in the VJP as a
lumped capacitance and inertia.
In the case of the VJP in a choked condition the discussion is
more complicated. A more thorough investigation of this phenomena is
postponed to the section on capacitance in the choked condition. In
this state disturbances can propagate downstream only, due to super-
sonic mixed flow in the diffusor. This does not retard the response
of PL to changes in QL but does affect the response of PL to changes
in x. A disturbance originating at the nozzle of the VJP due to a
change in x will propagate through the mixed phase supersonic region
at the local speed of sound, plus the velocity of the fluid. The
velocity of the fluid will be the greater of these and will be approx-
imately the velocity of the pure liquid phase at the beginning of the
diffusor.
As will be shown subsequently the velocity at the beginning of the
diffusor (i.e., end of the throat) is simply the flow divided by the
area of the throat, since the mixed phase starts at the throat and pro-
ceeds down the diffusor. The velocity can be calculated then easily in
any particular case. By dividing the length of the mixed phase region
by this velocity, the propagation delay can be approximated. Methods
of approximating the length of the mixed phase are given later; however,
one can easily get an approximate "worst case" delay for any VJP appli-
cation. The minimum velocity at the throat in the choked condition is
given by:
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-2P
a 2.1
min P
The maximum length of the mixed phase is the length of the diffusor--
which if the standard geometry of Fig. 1.1 is used--is 8 D. Thus, the
longest possible propagation time is:
8D _2
T V-8D ? 2.2
min vap
This time turns out to be rather significant in the case of large
diffusors and small vap . For example in a 100 hp unit with P =
1000 psi, P = -185 psi, and D 0.5.yap
T = .0023 sec 2.3
which at 100 cps results in an 83° phase lag!! This is hardly negli-
gible. Hence, in extreme cases the assumption of lumped parameters is
questionable. However, the author would expect that since disturbances
in the choked condition propagate only downstream that the dynamic per-
formance can be approximated by lumped parameters at each end of the
diffusor plus a pure delay for the diffusor proper.
In the case of smaller high pressure VJP's the situation is not so
bad. For instance,the 10 hp, P = 4000 psi, P = -785 psi unit has
s vap
T - .00012 sec 2.4
and the maximum phase lag at 100 cps is 4.3° in which case it probably
can be neglected in preliminary analysis at least.
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These estimates are conservative since the speed of sound in the
mixed phase is assumed negligible relative to the fluid velocity.
More precise methods of calculating delay times are given later.
Lumped Capacitance and Inertial Effects in the Induced and Blocked
Flow Conditions
One can surmise that the effect of the mass and compressibility
of the fluid actually contained in the VJP will be small simply by
observing that the volume contained in connecting lines will be much
greater. However, in the case of choked flow some of the volume con-
tained will be a mixed phase with relatively large compressibility.
Delaying the consideration of the choked condition for a moment
consider the VJP in the blocked and induced flow regions. We will
consider the effect of the diffusor volume and neglect the effects
in the region immediately upstream which is a much smaller volume.
The volume trapped between the check valve and the mixing region
travels at low velocity and hence has only secondary inertial effect
but may have capacitance effect in the blocked flow region when its
pressure will vary with variations in PL.
In order to determine the inertial effect, consider a control
volume in the shape of the diffusor with incompressible flow.
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2 r2 - r1 2 2 2Geometry: A Area = r I( .) x = sx
2.
where:
r2 r 2
s _ r ) 2.5
Continuity: V Q/A 2.6
First law: Assuming isontropic, incompressible flow:
Q[(p - p
V12
) -
V22
(P2 + P 2 )] = Q [P- P2] =
d dE
dt (stored energy) dt dt
for our purposes:
x2
E - p
x 1
V2
2 du
where: V - , dv = Adx sx2dx2
sx
solving Eq. 2.7 gives:
_P _ P 1
P1 - P2 [X1 -X2-1 d = Pdt rlr2
p- 
Thus, the inertia is given by: = 
ffrlr2
This reduces to the usual lumped inertia equation for a transmision
line when r = r 2 . Applying the standard VJP geometry of Fig. 1.1
we get:
2.7
2.8
dQ
dt
2.9
2.10
v
t'
40.
I P (8D) 16 2.11
D r D
To obtain the capacitance effect, consider the entire volume to
be lumped at the outlet--a very conservative assumption. For operation
in the region of induced flow the volume affected is approximately 5D3 .
If the operation is in blocked flow region approximately 25rD3 is
affected. This gives a capacitance of:
v 5rfD3
C = = - (induced flow)
25 D3
- 2 (blocked flow) 2.12
The Choked Flow Condition
Next, we turn to a more thorough discussion of the flow in the
choked condition. What follows is a speculative theory of choked flow
as it occurs in the VJP. It is based on the assumptions of Murdock
but extends his analysis to the conditions encountered in expected VJP
applications. It is consistent with the observation of Cunningham,
and Murdock and the experimental results of this thesis. However, no
direct experimental verification has been attempted. The ultimate
purpose is to estimate the compressibility, inertial, and time delay
effects in the choked condition. However, it also serves to illuminate
the mechanism of choking and the character of the flow situation in the
choked condition.
Consider a one-dimensional oil flow in a diverging, converging
circular section as shown:
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Total H Total Downstream
Upstream l _ 4_ Pressure
Pressure
The oil initially contains dissolved gases of vapor pressure po.
Assume the process is isentropic except at the "shock" at 2. Mixed
flow exists between some sections of 1 and 2. Where at 1 the static
pressure is p and at 2 there is an irreversible shock from mixed flow
to liquid flow. For this to be so, the stagnation pressures H and PL
are such that:
PL <H 2.13
For the mixed flow region the following equations apply.
First law:
u + pv + K2 = constant 2.14
Assuming that there is no internal energy change when the gas dissolves
or separates this becomes:
VZ2
v + 2 Pr H 2.15
a 2
where:
a _ area of liquid
a + aQ total area at any cross section
g
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and where the velocity contribution of the gas is neglected because
of its very small density. Assuming that Henry's Law applies to the
gas evolution:
K(Po- p)
X"=
p
V a a
where X R (SR) g
VL a a
L ~ a
2.16
(SR) is the "slip ratio" used by Murdock: then
a1+ a
a -= 1 +-
a aQ SR
K(Po - P)
(SR)1+(SR) p 2.17
Continuity requires that:
A a V = const. = Q or V - QAa 2.18
where again the contribution of the gas is neglected. Thus, Eq. 2.15
becomes:
P+ SR (Po P) + (QA
2
K Po -p
(1+--. )SR p
P - p 2
p + K (Po -p) + F(1 + . )
where K F = P (2)S ' F2 A
H - p - (Po - p) 1
A2
or
H 2.19
2.20
pop2
(1 + K 0) P
2.21
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In order to see if a choking condition could exist in the mixed region
we must see if F has a maximum (A a minimum) in the region po > p> 0.
Clearly as p + O F + 0.
dpdFFP.
For a maximum to exist < 0
P=Po
or
2HK - 1 - < 0 2.22
Po
A question now arises. Does the model of a converging-diverging
circular section with a single stream apply to the VJP where two streams
are mixing? Probably not in the mixing region. However, the flow up to
the throat can be considered two separate converging sections with
separate streams. In fact, this was the assumption in the derivation
of choked condition flow. Thus, Eq. 2.22 should apply to the two streams
separately. Similarly downstream (in the diffusor) where the shock back
to all liquid flow takes place mixing is assumed to have been completed
and the single stream model should apply.
The requirement for p = po at the throat is that Eq. 2.22 not apply.
The valve of H for the exhaust stream is p - P . Thus, the requirement
~~~~~~~~t o ~~~~vap
for p - P at the throat is:
2P K
1 - + ap < 0 2.22a
poA.~~~~~~~~~
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Since H for the supply flow stream is greater, one needs to satisfy
2.22a only.
Does the inequality hold for "normal" VJP application? Since
this depends on K it is difficult to give a universal answer. How-
ever, it is probable that K > .05 in which case Eq. 2.22a always
holds for the normal operating conditions given earlier. This means
that section 1 is at the throat. Thus, the flow is choked by a minimum
pressure at the throat--namely--po even though the fluid is traveling
below the local speed of sound.
In order to locate the position of 2 we apply momentum conservation
across 2. The subscript "s" is used to denote conditions at the shock.
! -V
!
Momentum:
Ps Pd A pi (Vd VQs)
S
Energy:
2p Vd
Pd + 2 = PL (right side)
2
Po - P,,S -- 
Psp +K(p -)+F (l+ K -) =H0 5 S PS (left side)
2.23
2.24
2.25
* K
Murdock found SR = K .0519 for J-43 at 100*F. Minimum H is
200 psia and p is 15 psia.
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Continuity:
Vd = 2.26d A
s
V Q (1 + K p S 2.27
Zs A Ps s
Using 2.24, 2.26, 2.27 in 2.23 yields:
-P.. Po - Ps
Ps L 2 *A (1 + 2K ) 2.28
~s L 2 As pS
Noting that 2= F Equation 2.28 gives:
A s
PL Ps
F = 2.29
s PO - p
1 + 2K
Ps
Eq. 2.25 gives:
H - s - K(Po - )
F 2 2.30
ps 2 p
P
by equating Eq. 2.29 and 2.30 the values of p and F can be found at
section 2. Mathematically there may be more than one real value solu-
tion; however, the ones of interest are in the region 0 < ps < po'.
From the values of ps and Fs other parameters of interest may be cal-
culated. K and p are constants so that Fs and ps and all other par-
ameters of interest should be considered functions of H and PL.
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A F
s max area at 2
* F throat areaA s
2.31
where the inequality of Eq. 2.22a does apply--as is the expected usual
case in VJP applications--then F max is found by substituting p = p0 in
Eq. 2.21.
From Eq. 2.17 one gets the liquid fraction immediately before 2
to be:
s [1 + K P- s]-i
5 ~ Ps
2.32
Of particular interest here is the effect of the mixed phase flow on
the apparent lumped capacitance and inertia of the system. To calcu-
late this lumped capacitance consider a diffusor shown below. x is the
position of the shock.
0 ®
Now from geometry:x Q( * - 1) , A= A*(x + 2.33
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The total volume of gas in the diffusor is vg and is given by:
x
Vg f [1 - a] Ad 2.34
0
for constant H the apparent compressibility is given by:
3xL = aPL (1 -a ) d + 1- as] A a.35
DPL 0 L S 2.35
The first term is zero because a is not a function of PL (as is, of
course). Any change of volume of liquid phase has been ignored because
it will be negligible compared to the change in the gaseous phase.
aV
apL = (1 - as ) As aPL 2.362036
apL L
For constant PL the apparent compressibility is given by:
v xax;) - AL
aH f | aH (1 - a) d + (1 - a s ) As aH 2.370
In order to evaluate equations 2.36 and 2.37 some simplifing but
rather precise assumptions can be made. Recalling Eq. 2.21:
H - p - K(po P) 1
2 1 2 2.382 2
p - p A
( + .. ° )
P
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and using the fact that under expected conditions p < pOs Po << H,
and K of the order of 0.1.
H - p - K(po - p)
2
p - p
(1 + K
2 1-Ha -U
A
Therefore, because in our normalized model a = 1 when A A* provided
the inequality of Eq. 2.22a holds:
2.40A*
referring to Eq. 2.18 then:
Vt = const. = (V at A*) 5 (A£~~~IA 2.41
We wish to be able to get approximate analytic expressions of the
conditions at the shock. Equating Eq. 2.29 to 2.30:
PL Ps
Po - Ps1+2K ps
ps
H - Ps - (Po - P)
2
p -p
(1 +K 0 s)
PSS
and using the fact that ps < po, Po << H, K of the order of .1.
PL
1+ 2Po P
Ps
H
_ 0 2
(l+ )
Ps
dividing by H and using Eq. 2.32 this simplifies to
a = 1 V- L
s = H
2.39
2.42
2.43
2.44
i
i
If
I
ii
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using Eq. 2.40
A = A s 2.45S 5
From Eq. 2.33
x 1= ( - 1) 2.46
Evaluation of Eq. 2.36 gives:
v P
_ *[1 * V - L5/2 2.47
apL 4 H
Noting that a is not a function of H (Eq. 2.40) the first term in
Eq. 2.37 is zero, then:
av Dv P A*P P
av = . L = 1 L L -5/2
aH aL H 4 H 2 24
The "exact" solution of Eq. 2.24 through-2.36 was carried out on a
digital computer for po = 15, 150 < H < 1500, .25H < PL < H, and
.05 < < .15. Fig. 2.2 shows the excellent agreement with Eq. 2.44
through 2.48. The variations over the range of K are too small to
show on the graph. If the standard geometry of Fig. 1.1 is used
thA* 7D 2then A* 4 and = 8D.
Before writing down the final formulas for the apparent capacitances
of the VJP in the choked condition it is important to note that as PL O,
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a + 0, As + . However, in a real VJP the diffusor is presumed to
end after 8 throat diameters (or when the area is four times the
throat area). If the diffusor then merged smoothly into a tube it
is possible for the mixed flow to extend down into the tube at low
values of PL because the shock back to an all liquid phase has not
occurred. Since this is very undesirable it is probably wise to
have a sudden expansion at the outlet of the diffusor to force the
shock to occur at that point. If this is done then Eq. 30 - 34 apply
only for A /A < 4 which means for PL/H > .44. Presumably for PL/H <
.44 both of the apparent capacitances would be zero. However, in no
case can PL go below p without mixed phase filling all of the volume
. 0
in the lines at PL.
Thus, the final approximate equations for capacitance in the
choked equation are:
av = 3 P P
L
O otherwise
V aDV a P
- - R L 2.50
aH aPP H
L
.V 3 P
2.51
Dv 3
i R | _ 7 rD
aH H
maxO. .~~~~~a
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The lumped inertia of the mixed phase in the diffusor is easily
calculated using the method that was previously used to calculate the
inertia of the pure liquid phase. Consider a control volume just en-
closing the mixed phase so that the pure liquid phase is all that
crosses the boundaries:
X
First law:
dE
Q[hl - h2] dt 2.52
for our purposes:
x V2
E dvI
0
2.53
where only the K.E. of the liquid phase is considered. Eq. 2.40 and
2.41 imply that
V = * and d = A*d 2.54
A*
L
II
I
I
AS
-- 4N,,,
,_Q -,
A'
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hence
2x255E Q  2.55
2A
then:
' fh1-2= * dt2.5
A
and I = p - which in terms of D is 2.57*
A
4"
I -u= x 2.58
iD 2
.Fr9 7 4m.14- -hs- *ha A44$,F$a,.. mva hee h.ao t-,a o..ma *1,-.i,, 
LJan -J l LLUFA.W.0 ClUM4. LLWB U L U3·L.AA I.I&OU 1II145D 114 4.&Ar- OCUSM LLLLL.4
as a pure phase traveling in a straight tube of length x and area A
At most, x = I = 8D, in which case Eq. 2.58 becomes:
Im.r 32- 2.59
~D'
Comparing this with Eq. 2.11 shows that the mixed phase may have
twice the inertia of the pure phase in the same diffusor.
Let us now return to consideration of the signal delay time in
the mixed flow region. The signal will propagate at the velocity of
the fluid plus the velocity of sound. The velocity of the fluid is
given by Eq. 2.41 and is approximately constant. The velocity of sound
is given at least approximately by:
bulk modulus
density
Since:
2 B
0
8 dv/dp 
It follows from Eq. 2.17 and v
_ specific volume
a91 that:
1 n2
a Kp0
Because p = pQa
2 1 2
2 Kp
From Bernoulli's Equation and Eq. 2.41:
From Bernoulli's Equation and Eq. 2.41:
2V 2 =
VT a
Thus, , = 
2(H - p)
P2(H - p
V 2(H - P0) PO
2.64
2.65
Using Eq. 2.17 to eliminate p gives:
C9 2(H- po)C K , 2.66
Since the signal propagation velocity is V plus C an examination
of the order of magnitude of the right-hand side of the equation may
53.
2.60
2.61
2.62
2.63
)
i
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allow us to neglect one of the terms. According to the typical VJP
operating conditions put forth earlier H > 200 psia, po 15 psia,
and K is of the order of 0.05 at least for J-43 oil. This leads to
the following (see Eq. 2.40):
V,
- > 1.1 at a = 1
(i.e., entrance to diffusor)
> 8.7 at a .640
(i.e., 1/4 down diffusor) 2.67
>12.8 at a = .445
(i.e., half way down diffusor)
>16.9 at a .250
(i.e., at the downstream end of diffusor)
Since one is normally interested in transmission delay times when a
large percentage of the diffusor is filled with mixed phase, the above
inequalities suggest that neglecting C will be justified. A good
approximation of the delay time is simply:
T - x/VQ 2.68
where x is to the length of mixed phase given by Eq. 2.46 and 2.44.
V can be expressed as V = -
A
Interpretation of Results
The prime purpose here has been to make estimations of dynamic
effects of the VJP. The table below illustrates the order of magni-
tude of these effects in terms of equivalent lengths of pipe of I.D. 3D.
* p 2 25D l2
For this pipe I - A C Delay /3.56 x 104)
w2.25D
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LENGTH OF TUBE
Signal Propagation
Condition of VJP Capacitance Inertia Delay
blocked 11 D 36 D 8 D
induced 2.2 D 36 D 8 D
* 7.1 x 10
choked downstream 71 x 10 D'
H
-3.1 x 10 2.26 x 10
upstream D 72 D D
-P
vap
It is apparent that the only factors which are likely to be significant
are capacitance and delay in the choked condition.
Note that the upstream capacitance on the choked condition is nega-
tive. This is because an increase in driving pressure H expands the mixed
flow region resulting in a temporary increase in flow. Throughout the
development H has been used as the upstream stagnation pressure of the
oil entering the diffusor. This stagnation pressure must be related to
the VJP characteristics. Eq. 2.13 states that under the assumption of
an isotropic diffusor flow that for cavitation to exist PL < H. Thus, H
must equal P at the onset of cavitation. The line along which cavita-
L
tion begins is the boundary between the induced and choked flow regions.
2
* 5 -5 2sec
6 =6 10 5 psi, 7.8 x 10 i assumed for pure oil phase.
In every case the figures given for the choked flow are based on
the worst case, i.e., the downstream pressure PL is just sufficiently
low to-fill the diffusor with mixed flow.
Actually in the real VJP the diffusor flow is not isotropic but for
the approximate calculations here this is a satisfactory assumption.
a 
4
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on this Uine
es of constant x
Clearly the boundary is given by some function H H(x), (x is
cone position). Also, in the choked condition the steady state output
flow is only a function of x. This is given by QL F1 (X).
The complete lumped parameter description of the flow in the choked
condition neglecting inertial effects but including compressibility and
delay are:
Dv dH dx av dPL
QL(t) - Fl(Xt-T]) a d- t dt I 2.69
t-T 3PL dt
where T is the delay time needed for signals to propagate through the
mixed flow regions.
The Effect of the Check Valve
A generalized treatment of the dynamic effects of the check valve
in the VJP appears to be very difficult. However, some considerations
are presented below which indicate that the contribution may be made
small.
I}
I.
Q. .1 - . · ·
I
II
I
F
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Consider a simple check valve consisting of a disk, a seat for
the disk, and a cage to retain the disk, as shown in Fig. 2.15. The
time needed to switch from one state (i.e., fully closed or open) to
the other is given by:
T \ i 2.70
PV 
where the force on the disk per unit area is considered constant and
equal to p. p, of course, is unknown and would vary with a great many
factors determined by the VJP design and the check valve design and
the particular operating conditions. As an indication of the order of
mnaRnituiA nf T th rnhpek vlveP utird n th dnamic VP nf thiq rhantpr
used an aluminum disk with = .012, h .100 which gives the following
values of T.
T
p QT "angular delay" at 100 cps To (360)
1 psi .00077 sec 27.7°
4 psi .00038 sec 13.8°
16 psi .00019 sec 6.9°
Various methods may be used to decrease T. First, a more restrictive
check valve will increase p but degrade VJP efficiency slightly.
Secondly, it turns out that the flow capacity is proportional to (h),
(because the diameter of the disk is proportional to h due to structural
consideration) while T is proportional to Vi-h. Thus, it is possible
to increase T by using a number of smaller disks in parallel.
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The "angular" delay given in the table does not give a true
picture of the actual phase shift and attenuations caused by the
check valve in the VJP. To get an indication of this consider a
linearized VJP characteristic in the neighborhood of the boundary
between induced and blocked flow, (i.e., where the check valve
nominally operates).
Suppose that there is a sinusoidal variation of QL or x about the
nominal operating point (Qo0 P , x). Then for either case the follow-
ing block diagram applies.
y x - xo
or
Y -(QL - Qo)
z = PL - Po
(way
"-r
I b ~  ~ ~ _ -_~
)
f3
i
e -
A
i2b
I
(t)Yet) 
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The desired variation of z for y = sin t is
Zd = a sin t
= b sin t
2frn < t < 2n + 'i
2wn + < t < 2n + 2w
2.71
If there is an angular delay A then the actual variation of z is
za
= a sin t
= b sin t
2wn + < t < 2n + + 
2wn + w + A < t < 2wn + 2 + A
Using a modified describing function technique where:
zd(t) = A d + Bd sin (t) + Cd cos (t) + ...
za(t) = Aa+ Ba sin (t) + Ca cos (t) + ...
It turns out that:
2.72
2.73
A a-b
d W
a-bA = - Cos A
a
B a+b
d 2
, B a 
a 2
which means that in the sense of describing functions the check valve
changes the d.c. value by
a-b- (1 - cos A) 2.75
Cd 0
,C =0
a
2.74
i:
.I
i
.1
i
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and does not result in any phase shift or attenuations of the primary
frequency component. Notice that the d.c. shift is small for even
"large" values of A. For instance, if A = 32.50 the shift is only
(a - b) (.05).
In actual practice, if the check is not spring loaded, the apparent
opening time will likely be much faster than closing because a half
open valve will give VJP output characteristics more similar to the
open valve characteristics than the closed valve characteristics.
Therefore, considering the case where:
z = a sin t 2wn < t < 2n + + 
a
2.76
b sin t 2nn + X + A < t < 2n + 2n
This results in:
a-b a+B a-b
A (b cos ) B + (A - 1/2 sin 2A)
a 2nff a 2 2s
2.77
a -b 2
C sin A
a 2r
Hence, the d.c. shift is one-half that of the former case. Using
approximate formulas for small A :
VB 2+C 2
a +Ca 2 a-b 3
magnitude attenuation 1 + a b A 2.78
Bd (a + b)w
C a - 2
phase shift = tan -1 ( r (a 2.79
a
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which gives for A = 20° - .3 5
rad
a-b
phase shift a (2.24) 2.80
a-b
magnitude attenuationl + a b(.014)
By the convention of this development if the phase shift is positive
the actual output leads the desired output.
In any case, it is seen that sizable delays in check valva oer-
ations lead to only small changes in phase and amplitude. Further,
since it appears possible to construct extremely fast check valves,
the dynamics of the check valve should not be a problem.
Experimental Purpose
An experimental testing of the VJP was felt necessary to verify
that the dynamic response of the VJP was not affected by transient
changes in the flow regemes and to observe the effect of the check
valve. Most of the dynamic effects predicted by the previous section
are not significant enough to be observed in-the experimental program.
However, this supports the general conclusion that the dynamic con-
tributions of the VJP are negligible.
Method of Attack
A small VJP capable of being driven by a torque motor was con-
structed. The output flow of the VJP was passed through a valve
which could be varied to give a wide range of load conditioning. Both
dynamic strain gage type pressure gages and static dial gages were
attached to the 3 ports of the VJP and to the volume between the mix-
ing region and the check valve. The position of thecone in the variable
IL
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nozzle is measured by means of a Linearsyn, a high dynamic response
electromechanical position transducer. Response was measured by
oscillating the cone at various frequencies and observing the pres-
sures, particularly the output pressure, under various load conditions.
Because the load, a valve, is well known to have negligible
dynamic effects in the "low" frequencies of interest, the output
pressure and the flow of the VJP should reflect only the dynamics of
the VJP and the connecting volumes (pipes, etc.). Since the downstream
pressure on the valve is aroximatelv one atmosphere. the flow and
presssure through the valve are related by Q VX' where Q is flow,
and P is the upstream gage pressure relative to the atmosphere. There-
fore, it is only necessary to measure the dynamic variations of P to
infer both P and Q. Hopefully, the dynamics of the volumes in the test
apparatus will be negligible, and therefore if the dynamics of the VJP
are indeed small as predicted by the previous analysis the output pres-
sure of the VJP should have a one to one correspondence with the input
slider position for a given load valve setting, supply pressure and
exhaust pressure. Thus, the simple test of supplying various input
wave forms of x to the VJP and comparing them with the output wave forms
of P illustrates the dynamic effects of the VJP.
Experimental Apparatus
Mechanical drawings of the VJP used in the dynamic tests are given
in Fig. 2.3. Photographs of the unit assembled and disassembled are
given in Fig. 2.4 and 2.5. An interesting feature of this unit is the
balancing piston needed to minimize force feedback to the torque motor.
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1
The decision to locate the small hole in the cone face atq- of the
radius of the cone was based on qualitative experiments described in
Chapter 1. It would probably not be necessary to balance cone forces
in a well designed 2 stage valve. I.e., where the cone itself is driven
by a spring loaded hydraulic piston.
A mechanical layout of the test apparatus is shown in Fig. 2.6.
The dial pressure gages were calibrated by dead-weight pressure cali-
brators. The dynamic pressure gages are Dynisco strain gage pressure
transducers with natural frequencies in excess of 10,000 cps. The
Lynearsyn was excited at 20,000 cps. The output was rectified and
filtered with a 2,000 cps. filter. Two torque motors were employed,
both of which allowed oscillation of the cone up to 200 cps. Although
it was desired to be able to generate sine wave oscillations of the
cone--usually somewhat truncated sine waves were achieved due primarily
to friction in the VJP. This, of course, introduces harmonic frequency
components in the input. The supply pressure P is regulated by a
s
Vickers pressure relief valve located in the pump room and a 1 gal.
capacity assumulatOt located immediately adjacent to the VJP. The
exhaust pressure Pe is regulated by a Rivett pressure relief valve and
e
a 1 gallon capacity accumulator, both located immediately adjacent to
the VJP.
A dial gage, graduated to .0001 inch was used to calibrate the
-.......... _ Tl ..... 1- _ __ a ._.._1 _--__ __---- _.-- - _A _. _- '7 Lynearsyn, rnoUograpns UL Lte menanica. apparatus are IIUWL L LIL rL. I.
A model #11F Midwestern torque motor and a modified model #104
American Measurement and Control torque motor. The AM&C torque
motor had no spring and thus was outfitted with an external spring.
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A schematic of the electrical apparatus is given in Fig. 2.8. The
essential components are, (1) 2-6 v. batteries, (2) an 20,000 cps.
oscillator to drive the linearsyn, (3) a rectifier and 2,000 cps. filter
for the Linearsyn, (4) a dual beam type 502 Tektronix oscilloscope, (5)
a Hewit-Packard Model #202A function generator, (6) an AM&C Model #652
servo-amplifier, and (7) a VTVM for calibration purposes.
A Polaroid camera was available to fit the oscilloscope screen.
Experimental Results
The results were largely as expected except in the region of blocked
flow where a good deal of phase shift and amplitude attention was ex-
perienced. Since in this region the check valve is closed, the VJP
operates as a variable orifice (or ordinary valve). It was hard to
believe the apparent dynamics could be attributed to the VJP. It was
tinally determinea that te compressiblity errect or the rluia volume
in the test apparatus did have a substantial dynamic effect under certain
conditions. These conditions occur when the VJP is in the blocked state.
It was found that the output pressure followed the input position
very well up -to at least 200 cps. in the induced and choked condition.
Representative photographs of input and output wave forms as well as
Lissajous figures of the same are shown in Fig. 2.8 and 2.9. The mean
operating conditions are given beside the photographs. Note that the
input wave forms are not sine waves and hence contain higher frequency
components than the basic frequency. The output generally preserves this
wave form.
i'
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In the choked condition a good deal of "noise" appears in the
output pressure. This is believed to be due to turbulence. It is
much more pronounced in the photographs of the choked condition because
(1) the total pressure fluctuations are much smaller (the gain of the
pressure measuring circuit is 5 times that used in the induced region);
(2) the flow rate is much greater. The turbulent pressure fluctuations
in the photographs are of the order of 5 psi or 0.5% of P .
s
Actually, the photographs of VJP response in the choked region
are made using a first order RC filter with a break frequency of 2,000
cps. If this filter is removed, the resultant wave form is shown in
Fig. 2.10. The extremely high frequency variations occur only in the
choked condition and are characteristic of it. When expanded on the
scope face, it appears that the oscillations are irregular with about
25,000 peaks per second and under certain conditions contains peaks of
up to +100 psi (with supply pressure of 1200 psi). This is believed
to be caused by the violent collapse of the mixed phase.
13 In the blocked flow region considerable phase shift and amplitude
attenuation was noted at higher frequencies. Explanations considered
as possible causes of this phenomena include, (1) improper seating of
the check valve, (2) changes in the physical dimensions around the nozzle,
especially deflection of the nozzle plate, (3) transient flow regimes,
(4) instrumentation dynamics, (5) hysterysis in the load valve, and (6)
dynamics associated with the fluid in the test apparatus. By replacing
the check valve with a plug the first hypothesis was eliminated. With
regard to (2), deflection of the nozzle plate would logically esult in
lead, not a lag and would be a very rapid phenomena which would not show
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up in the testing of other VJP conditions. By replacing the load
valve with a fixed orifice the chances of hysterysis in the load was
minimized. Further, when the VJP was replaced by an ordinary spool
valve the same general low frequency attenuations were noted. The
following considerations led to the conclusion that the compressibility
of the fluid in the test apparatus between the check valve at one end
and the load valve at the other led to the observed dynamics.
P
p_
Q1 PL Q2
P
S
Consider the previous schematic of the test apparatus. For any given
cone position of the VJP the equilibrium value of PL is given by the
intersection of the pressure-flow characteristics of the VJP and the
load value.
Q
Load Curve, Q2 ' F(PL)
eristic, Q1 - G(PL)
t
i
i
I
I
67.
The two preceeding figures and conservation of mass give:
Q1 = Q2 + Q3
dP
G(PL) = F(PL) + v dt 2.81
Linearizing the equation about an equilibrium point P where:
G(Po ) - F(Po)
dp L I (AP) =dP L I (AP) + d (P) 2.82dP L P P O P -P 8 dtL P L PP
L~L o
where: AP = PL - P
This is a first order linear differential equation with a decaying
expodential solution with time constant.
T dF dG 2.83
dL L P P
Note that under the conditions of the test:
dFL dG > 2.84
L dP
but that its value is considerably smaller in the blocked flow condition.
To verify that this was the probable cause of output attenuation,
a number of different volumes were attached between the VJP and the load
valve and the output-input relation observed at different frequencies.
The volumes used are listed in the table:
Estimated Volume
31.2 in
32.0 in
4.6 in3
3*
3.4 in
8.5 in 3*
Construction
plug in check valve part, close
nipple connecting pressure gage
to load valve
Fig. 2.6 construction
27 in. of .4" I.D. steel tubing
connecting pressure gage to load
valve
20" of Aeroquip #8 hose between
pressure gage and load valve
66" of Aeroquin #8 hose between
pressure gage and load valve
Trials with the above volumes were run under two blocked flow con-
ditions. First with P = 1240 psig, PL = 500 psig, and QL = 0.66 gpm
(the indicates average value). Second with P = 1240 psig, PL = 365
psig and QL 0.3 gpm. Photographs of the Lissajous figures of input
cone positions versus output pressures are shown in Fig. 2.11 and 2.12
for QL = 0.66 gpm and QL = 0.3 gpm respectively. The increase in atten-
uations as volume increases can be markedly seen. As expected with the
higher flow rate the attenuation is also less.
A computation of expected break frequencies follows. At QL = .66
2.54 in3gpm = 2.54  /sec, L= 500 psig, and P = 1240 psig.
~L~~~~~~~~
This uses Aeroquip hose as capacitance. Since the hose itself
is elastic, an apparent volume greater than listed is to be
expected.
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Trial #
1
2
3
4
5
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dF dG _ 2.54 2.54 *in
+ ) 00425
dPL dPL 2500 2(1240-500) ' lb.sec.
If is assumed to be 105 psi then Eq. 2.86 writes:
T v(2.35 x 10- 3) sec
3Similarly for: 0.3 gpm = 1.16 in /sec, PL - 365 psig, P -
T = v(4.44 x 10- 3) sec
2.85
2.86
1340 psig
2.87
When crude Bode plots are constructed from the photographs of Fig.
2.11 and 2.12, Eq. 2.86 and 2.87 predict rather well the break points
(within a factor of 2, except the hoses lead to much higher apparent
volumes, v). Fig. 2.13 and 2.14 show these Bode plots with the predicted
and experimental break points.
* dF dGIt is not obvious that this expression gives - - - but it does
dPL dFL
follow from the geometric relationship of the load characteristics
F and the VJP characteristic G since they are both parabolas.
V.
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Chapter 3
CONTROL SYSTEM CONSIDERATIONS IN VJPV DESIGN
Introduction
This chapter deals with the construction of a 4-way variable jet
pump valve, VJPV, for constant supply pressure use. Particular em-
phasis is placed on how the various dimensional parameters affect the
pressure-flow characteristics of the valve. A state space analysis of
a simple class of control systems is worked out. Because of the pro-
nounced non-linearity of the VJPV no general analytical technique for
achieving an "optimal" or even stable control system can be presented.
There are a great number of possible types of control valves that
could be constructed using VJP's. The two and three-way constant pres-
sure valves are special cases of the four-way and follow immediately
from this chapter. The constant-flow valves are somewhat different in
construction. A brief discussion of these other applications of VJP's
to high pressure hydraulic control are given in Chapter 6.
Numerical calculations of the relative efficiency of VJPV's is
relegated to Chnaper 4.
Mechanical Arrangement
The elements of a VJPV (unless specified otherwise this will be
taken to mean a 4-way VJPV for constant supply pressure use) are two
VJP's and two variable orifices and possibly two fixed orifices. These
are mechanically coupled as shown in Fig. 3.1. There are 7 basic par-
ameters which are variable in this arrangement:
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1. The over or under-lap of the variable orifices, x orifice
2. The over or under-lap of the VJP cones, XVJP
3. The diameter of the cones, d
4. The diameter of the VJP throat, D
5. The effective circumpherence of the variable orifices, 
6. The area of the fixed orifices, Af
7. The effective flow area of the check valve when fully open, Ac
Besides these there are some generally minor parameters which arise
because of manufacturing limitations such as the clearance of the cones
and spool when the nozzles and orifices are "closed." It is convenient
to introduce some non-dimensional parameters that are combinations of
the above. Namely:
d
1. D
Xorifice 
d/2 = Xorifice
d/2 3.1
3. d!2 - XVjP 3.1
CA
4. =d c K where Cd discharge coefficient
D d/4 for check valve
CdR(d/2)
5. - K where Cd discharge coefficient
wD2/4 o for variable orifice
C Af
6. =d Kf where Cd discharge coefficient
D /4 for fixed orifices
.~~~~~~~iD/
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The displacement of the entire spool from its equilibrium position
will be given by:
x
X = d/2 3.2
If all the orifices are sharp edged, Cd can be assumed to be about
.6 VJP parameters.
Besides the mechanical parameters there are a number of parameters
which are needed to describe the flow characteristics of the VJP. These
have been developed in Chapter 1 and are review here.
Name
"diffusor" efficiency
nozzle velocity coefficient
exhaust flow momentum coefficient
linearizing "average" exhaust flow
leakage flow
normalized vapor pressure of
dissolved gases
nozzle saturation coefficient
of velocity
exhaust saturation coefficient
of velocity
nozzle coefficient of discharge
Range of Values
.54 < n < .61
.97
.84
.35
negative
.99
.93
.63 < Cd < .65
See Blackburn et. al. p. 181-184 for a discussion of discharge
coefficients.
Symbol
n
Cv
qeo
qno
P vap
c
v
k
v
Cd
l
I
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Limiting the Number of Parameters
Clearly the number of parameters that can vary is too large to
deal with in calculating numerical examples of pressure-flow character-
istics. Fortunately, some vary over only a narrow range and an average
value will give good representative results. On this score we can make
n = .57, and Cd = .64. The leakage flow should be made as small as
possible and is limited by manufacturing techniques. It will not affect
the pressure-flow characteristics greatly. For numerical examples it is
taken such that (d/D) qn = .005 which is quite easy to obtain in
practice since in terms of machining tolerance it means that the diametral
clearance of the cone shaft in the nozzle hole is approximately 0.5% of
the diameter.
The normalized vapor pressure, vap' should be made as large as
possible (in the absolute sense--by the conventions P is negative)yap
in order to delay cavitation and thereby increase flow gain and effi-
ciency. However, to do so increases the absolute pressure in all of
the hydraulic lines of the system. Increasing I vapI beyond 0.20 or
0.25 gains little in efficiency. Under most circumstances we will take
= -.235 in numerical examples.yap
The parameter (d/D) might vary between 0.8 and 0.9 according to
Fig. 1.1 and may, of course, be varied over an even wider range to
achieve special characteristics. Here in numerical examples, (d/D) = .9.
A Schematic Representation of the 4-Way VJPV
A suggested schematic representation of the 4-way VJPV is given in
Fig. 3.2. The VJP is represented as a variable transformer. The check
valve as a diode. A comparison with Fig. 3.1 may help clarify the schematic.
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Analytic Description of the VJPV Pressure-Flow Characteristics
Consider the VJPV described schematically below.
The xi dimensions are the total opening of the various orifices and
VJP nozzles. For clarification:
2 X3 or Xor X
The Qi are flows in various branches. The Pi, the pressures at various
nodes. QL is the load flow, PL = P1 - P2 or
'PL 3'1 - P2 3.3
gives the load pressure of the valve.
From geometry (and a convention regarding x)
I 9
i
I
i
11
i
i
I
r^
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X1 Xorifice - x
X2 Xorifice + x
or
x3 = - x UJP
X4 XVJP x
where x is the position of the spool.
that (assuming incompressible flow) :
QL = Q4 -Q1 Q2 - Q3
Q8 = Q4 - Q5
or
Q7 Q3 - Q6
X1 = Xorific e - X
X2 Xorifice X
3.3a
X =x _x
3 VJP
X4 XVJp + X
Conservation of mass requires
qL= q4 - q1 q2 - q3
q8= q4 - q5
3.4
q7 = q3 - q6
The orifice equation gives the flow through the variable orifices as
Qi = Cd xi Tr P
= 0
i = 1,2 Xi > 
3.5
xi 
or recalling that the normalized flow
qi = Ko Xi
,. 0
i VI
is given by D4
i = 1,2 Xi > 0
3.6
xi < o
VP
-
P
..
f
r
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If there are fixed orifices of area Af in series with the variable
orifices then it is not hard to show that:
K K Pi 3, i
Qi KKfx l K 2 + K 2 2
f o Xi
Xi >O
3.7
=0 Xi 0
In Chapter 1 the characteristics of a VJP were presented. There it was
assumed that a loss-less check valve was attached to the exhaust port
of the VJP. In other words, the pressure at the exhaust port was held
at a constant pressure P = 0 psig when the VJP is in the choked or in-
e
duced flow condition. In an actual valve there will be a finite pressure
drop across the check valve. In particular:
-2-4Qi CdA c p (i = 7,8)
=0
<0
P i-4 
i-4 -
3.8
or
q .c i-4
=0
Now the maximum value of q7 or q is given by (see Eq. 1.43)
qimax=k v - vap
therefore:
<0()
i-4
>0i-4--
i = 7,8
iI
f:
i
ii
I
I
3.9
I
l
i
z
i
i
f
Pi-4i-4
i
I
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k 2
3.10
It is not difficult to make (kv/Kc) < 1/4 and - vap is usually of the
order .25. Therefore, the maximum value of - Pi4 is of the order of
.015. In this case, the maximum error introduced by assuming:
"3 = 04 3.11
is about 3%. The author urges anyone making calculations of VJPV
characteristics to make this assumption if the small errors can be
tolerated. If this assumption is made the equations of Chapter 1 apply
directly. Namely:
d 2
g(X4 ) (D - (Cdf(X4 ) + qno) where 
f(X)- 2X - X2
(X > .0)
f(X)- 0
(X < 0)
3.12
If < 2Cv * g(x4) - (2 - n) g2 (X4) then the VJP is not in the
blocked condition and:
q5 = (X4 ) and q8 is the least of
2Cvq5 - (2 - n) q52 1
q8 2(2 - n) q5 + (2 - n - )qeo (induced flow region)
(choked flow condition)
q5 -1 ( - vap)]kv Vrvap
V
3.13
This is the error introduced in calculating the choked flow at
maximum qe See Eq. 1.45.
Defining:
or
3.13
r
.L
i
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If 1 > 2Cvg(X4) - (2 - ) g2 (X4) then the VJP is in the blocked
condition and:
q8= 
q5 1-82 3.14
-n -(2Cvg-l(X4) + g (X4))
A set of Equations identical to Eq. 3.12 through 3.14 applies to
the other VJP where X4 is replaced by X3, 1 by 2' q5 by q6 and q
by q7 '
Eq. 3.3, 3.4, 3.6 or 3.12, 3.13, and 3.14 completely specify the
pressure flow characteristics of a VJPV under the assumption of Eq. 3.11.
Although a machine solution is preferable it turns out that a piece-wise
analytic solution can be easily obtained if PL is calculated as a
function of qL and x; gno is neglected; and the valve is line-to-line or
underlapped (i.e., there is flow in only 2 branches for any value of x).
The solution for the pressure flow relationships can be expressed
at least graphically as:
G1( PL ' X, qL) 0
G2( L X, qs) = o
3.14a
G3( L 'qL' qs) = 0
These correspond to the F1, F2, and F3 functions for the individual
VJP. If one does not make the assumption of Eq. 3.11 the equations speci-
fying G1 , G2, and G3 are changed slightly for the worse. These are given
in Appendix 3.
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Effects of Parameters on VJPV Characteristics
The major parameter that can be manipulated by the control systems
designer are orifice, XVJP Kc, Ko, Kf, and Pvap' as well as the nor-
malizing parameters d, D, and P . The normalizing factors are generally
determined by the size of the job to be done. In other words on the
basis of the maximum flow, power, and/or pressure needed. The other
factors are not so obvious and the determination of these requires good
judgment and a knowledge of the effects of their variation (and probably
considerable experience). The principal factors involved in such a
judgment in the case of a VJPV are, (1) power efficiency considerations,
(2) dynamic control considerations, and (3) system cost and weight
considerations.
Two general statements apply with regard to power efficiency and
dynamic control on VJPV's. First, from the standpoint of efficiency,
orifices should be used for directional control only and the VJP's should
handle the actual power modulation. Second, attempts to use the above
principal will lead to some "undesirable" side effect. The "undesirable"
effects are increased nonlinear or in the case of check valves decreased
switching time.
With regard to Xorifice and XvJp' the most natural situation and
one that has many advantages is the "line-to-line" arrangement where
XvJ P -Xorifice 0. In this configuration the VJPV (like the ordinary
4-way orifice valve) is very stiff in the neighborhood of QL = O, i.e.,
dP
d I is very large. This is very desirable when one wishes to
QL 0= 
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regulate a position. Also in the line-to-line situation there is no
steady-state power drain except for leakage. If Xorifice or VP are
negative then the VJPV is overlapped and there will be range of x
(deadband) for which the output characteristics will not vary appreciably
at least for small values of Q. There are three possible reasons to use
overlap, however. First, if Xvjp Xorifice < 0 then leakage may be
reduced. Second, the deadband may have a stablizing affect by decreas-
in2 the effect ain (both ressure and flow) in the neighborhood of
x = 0, and QL O. Although a hunting or limit cycle operation is
another likely consequence in this case. Third, if XVJP < 0, Xorifice
0 O then an improvement in efficiency will result. This type of valve
might be very satisfactory where a reactive load is in continuous os-
cillatory motion. There appears to be little reason for underlapping a
VJPV in view of the fact that an increase in efficiency is the primary
reason for using a VJPV and underlapping either the orifices or the
VJP's leads to a great decrease in efficiency.
With regard to Kc, the normalized flow area of the check valve, and
K , the normalized circumpherence of the variable orifice, the general
rule is to make them as large as possible for high efficiency. As
pointed out earlier, increasing K beyond 4k (see Eq. 3.10) has little
c v
effect on the flow characteristics. In as much as the check valve dynamics
The flow and pressure are considerably out of phase such as
driving a spring or mass.
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are not likely to be a problem K in the order of 4 - 6 is expected
to be quite satisfactory. Ko on the other hand has a marked effect
on the linearity of the VJPV characteristics. A large K , desirable
for efficiency, increases the non-linearity as sketched below.
QL QL
L L
SMALL K LARGE K
O O
FOR LINE-TO-LINE VJPV
Kf is the normalized area of a fixed orifice in series with the variable
orifice. This fixed orifice may be dispensed with altogether. Its
purpose--if used--would be to delay the onset of the choked flow condi-
tion and increase the available operating range of the VJPV by preventing
outright cavitation of the entire low-pressure line in cases where QL is
large, PL is large and PL and QL are opposite signs. In other words,
under certain rather unusual load conditions it may be possible for the
absolute pressure in one of the load lines to fall below the vapor pres-
sure of the dissolved gases. The fixed orifice retards this effect but
also has a tendency to reduce efficiency.
-
I
Is
I
__O_
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PL
No Fixed Orifice Fixed Orifice
The last of the parameters is 2P which is a measure of theyap
difference between the exhaust pressure and the vapor pressure of
dissolved gases in the fluid. By decreasing vap (increasing P pI)
the same desirable effects are achieved as by adding the fixed orifice
without the same side effects. Decreasing vap retards choking, in-
yap
creases the available operating range of the VJPV and increases efficiency.
The disadvantage of decreasing ap is that a decrease of vap isyap yap
tantamount to increasing all pressures in the system since the absolute
pressures of P and P are both increased for the same P - P . This
e s s e
may lead to increased cost and weight. But since a completely pressurized
exhaust system is needed in any case it might be better to raise I vap|
than to add the fixed orifices.
C .0
P
LOW Pvap HIGH v
I
?t
*
Examples of VJPV Characteristics
To obtain a better feel for effect
characteristics, a number of particular
The computations were carried out on an
simplifying assumptions were necessary.
parameters used.
Figure
3.3a
3.3b
3.3c
3.3d
3.3e
3.3f
3.3g
K
c
3.98
5
5
5
5
5
2
K
o
2.98
10
10
5
5
10
10
Kf
1
1
of parameter variations of VJPV
characteristics were generated.
electronic computor so that no
The table below gives the
VJP
0
0
0
-.15
-.1
0
0
p
vap
-.235
-.235
-.235
-.235
-.235
-.47
-. 235
In each case the parameter of the VJP (i.e., n, Cv, kv , cv, qno
qeo) are taken as mentioned earlier in the section on limitation of
parameters. In every case Xorifice was taken as .001. This value was
picked to simulate a line-to-line orifice characteristic and is not zero
to account for the inevitable leakage. As discussed earlier taking
Xorifice less than zero results in a deadband which does not change the
form of the characteristics--it only means the line on the characteristics
where X = 0, now includes all values of in the range -Xorifice x
Xorifice
.
Xorifice was not taken greater than zero because this has
generally undesirable effects from the efficiency standpoint.
83.
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The particular values used in Fig. 3.3a are chosen to simulate a
breadboard VJPV described in Chapter 5. Fig. 3.3b is a basic configura-
tion that can be compared with Fig. 3.3a, c, f, and g, to show the effects
of varying K, Kf, Pvap' and Kc respectively. Note that the effect of
varying K is very small (compare Fig. 3.lb with g), therefore, Fig. 3.3a
differs from 3.3b almost entirely because of a change in K . The effects
on efficiency of some of these parameters variations are illustrated in
Chapter 4.
State Space Analysis of a Simple Control System
Consider a VJPV regulating the position of a piston. Attached to
the piston is a mass spring and dashpot.
Area - A cI Y
Newton:
PA- 9 P A = y + c + mY' 3.15
continuity:
Q - qQN - A- 3.16
AP PA/m CY- 2 -. . 1 .3.17
k+cs+ms - c +s w + 26 w s + s
m m n n
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3.18q [A s] y
N
Let the control system be given by:
y
If we denote the VJPV characteristics by - G1(X,q), then the dynamic
equations of the system are:
2
y + 26 Wny +wn y
w n here
q = where
_ clA
I A
3.19
3.20
3.21P- G1 (x,q)
X - C2 (y d - y) 3.22
X
d C2
If x and q are taken as state variables the above becomes:
- CC1G(x,q) - 26 wnq - w 2(yd )
C 2
= - -
3.23
3.24
i 
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from which
2 22
dq A C1 G1 (X,q) 2w n 3/2
+ + 3.25dx C2 q C2 C2q (d C
Eq. 3.25 describes the state space trajectories where, for reference:
A PA C
3 , C 1E m , w =- 26w 3.26N m n n m
Eq. 3.19 through 3.25 do not apply in the choked condition where q
depends only on x. In this region the problem degenerates into a first
order problem where if q = G1(X) gives the relation between q and x,
then,
- R G1(X) 3.27
In order to illustrate a particular case, assume that the hardware
is fixed; only the gain C2 is variable. Let:
A 2 lin, QN =100 in3/sec, P = 100 psi,5
2
lb. sec.
m LOO lb.' .26 iw = 0in. n
This is the case of a pure mass. A particularly good example
because it is a marginally stable plant and Eq. 3.25 greatly simplifies.
Namely,
G1(x,q)
C d = -.384 3.29
2 dX q
i
i
I
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Let Gl(x,q) be that given by Fig. 3.3b which is a particularly non-
linear VJPV. Fig. 3.4 gives the state space plot for C2 1. From
Eq. 3.29 it is apparent that different values of C2 result in uniform
changes in.the slope. of the state space trajectories in Fig. 3.4. In
this very simple case one can prove stability for all values of C2.
The characteristics of Fig. 3.3b are such that:
X> q>0
X<O q<O 3.30
X.= O q 0
for all practical purposes. Then if one considers a Lyapunov function,
V:
V x- IX (positive definite)
C 3.31
V -= X TX T q (negative definite)
and thus all control systems described by Eq. 3.23, 3.24, and 3.30 are
stable.
Strictly speaking one could argue with Eq. 3.30. It assumes that
i[ | < 1, and leakage at X = 0 is negligible.
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Chapter 4
RELATIVE POWER EFFICIENCY OF VJPV CONTROL SYSTEMS
Introduction
Chapter 4 deals with the relative power efficiency of the VJPV
and the ordinary variable orifice valve. As in Chapter 3, discussion
is limited to the 4-way constant-supply-pressure case. It is the in-
crease in efficiency that is to ustify the use of the VJPV.
Index of Relative Efficiency
It seems natural to define an index of relative efficiency as the
ratio of the hydraulic power dissipated in a VJPV control system and an
orifice valve control system. Both can be represented by the schematic
below.
In each case there is a source of hydraulic power with constant
supply pressure P. This supply power is modulated by a valve to drive
a hydraulic load. Regardless of the type of valve used in a particular
application it is desirable that the variation of QL and PL with time
be the same. However, the variation of Qs will depend on the valve being
i
I
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used. In an ideal (i.e., no leakage) line-to-line orifice valve
Qs 1QLI ' It is suggested that this be taken as the reference
valve for computing the index of relative efficiency, I, in the
constant supply pressure case. I being defined by:
T T T
f Ps Q dt Q dt f IQLI dt
lim 0 r r lim 0 5 r lim 0 4.1
T- T T- T T-*o T
f Ps d f Qs dt Q dt
0 0 0
Where P Qs are the values of Ps and Qs that would occur using a
r r
line-to-line orifice valve. Clearly, I is a function of the time
functions, QL and PL as well as the valve. Provided this limit exists,
it represents the relative average power demand of a given control sys-
tem and a control system doing the same task using an ideal line-to-line
orifice valve.
It is not hard to show that the ideal line-to-line orifice valve
is the most efficient symmetric 4-way valve for constant-pressure
applications.
F'
QL 
It is possible to devise unsymmetric 4-way valves and 4-way valves
using check valves, that are more efficient than the symmetric
valve for certain load conditions even without using a VJP.
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By definition:
L ' p1- P 2 4.2
PL - 1 - 2
By symmetry;
P PL P P
P2 , P1 s + 2P = 4.3
2 2 2 1 2 2
Noting that all such valves are built to operate in the range IPLI < Ps
then:
0 < P1 < P 2 0 < P < P and Q> 0 , i - 1,4 4.4
- 1- s - 2 - i-
To minimize Qs = + Q2 observe that
min Qs > M n Q1 + Min Q2 0 + QL -QL + 0 IQLI 4.5
(if QL > O) (if QL <O)
But in the ideal line-to-line case QL = Q and hence this is at least
as efficient as any symmetric 4-way orifice valve. Thus, for any real
....... .! _ _ ........ · _ I' , e 1 To 4. . . .. J_ . .-.... C4 A . ,.. . . .
symmetric -way valve i . . in Lac mLUIy -way ULrLLc= valVeb aru
close to ideal so that I is close to 1.
In order to make any numerical calculations of I, some descriptions
of QL(t) and PL(t) must be known. In cases where the control system
must manipulate the load in a cyclic fashion the functions QL(t) and
PL(t) need only be specified over one cycle. In other cases the best
that can be done is to estimate a distribution function for the "random"
variables (QL' PL)' Either of these cases provide a direct evaluation of I.
. ~ ~ ~ ~ L .L
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Simple Cyclic Examples
Consider a valve controlled piston driving a mass, spring and
dashpot in a sinusoidal fashion.
I--A-'I y - y sLn wL
The equation of motion is:
4.6F m' + c + ky - AP
Conservation of mass gives:
QL = Al 4.7
After normalizing about QN - 4 2
FL = max sin(wt + ) where 
max
qL = qmax cos(wt)
and P these reduce to:
S
max AP
4.8q ma yAw
max QN
- tan l (- 2 
-mw + k
-
i
92.
Eq. 4.8 describes what is sometimes called the load locus. Then
from Eq. 4.1:
T 2ir/w
f [QL I dt f I I d t
lim 0 0o  l t
T-+" T 2-ff/w
J QS dt f qs dt
0 0
where qs is a function of qL and
Since in any symmetric VJPV qLi
(-qL' - FL) it is only necessary
Further substituting t' = tw the
f |qLI dt'
I = 0 whe
f qs dt'
0
PL given by the VJPV characteristics.
and qs are the same at (qL' L) and
to integrate on a region of 0 < t < r/w.
same value of I results if:
re qs = G 3 (qL' L) 4.10
Thus, the parameters max, qmax' and together with the VJPV character-
istics are sufficient to determine I.
Although Eq. 4.8 indicates that 0 < < is the complete range of
F it is actually only necessary to consider the range 0 < < /2
because all other things being equal, I at equal I at X -w which is
demonstrated below.
Consider the denominator of Eq. 4.10:
See Blackburn et. al., p. 148.
IT 1r 7r
f qdt' - f G3 (q P'L) O 3 (qmax cos t', ax sin (t' + )
4.11
substituting t' - - t gives:
T O0
f qdt' f G3(qma x cos(W
0 3 max ),Max
- t), ax sin( - t + $) (-dt)
4.12
sin(o - t)) dt
because G3 is symmetric about the origin:
f qdt' = f G3(qmax0 0
I G3(q ax
0
cos t, Fmax sin( - t)) dt
4.13
cos t, P max sin(n - + t) dt
which when compared with 4.11 shows that substituting - ~ for * does
not change the denomination of I. Obviously the numerator is unchanged
since it does not depend on *. Therefore, referring to Eq. 4.8 it is
sufficient to examine I over the range 0 < c  .
The integration of the denominator of Eq. 4.10 requires graphical
or numerical techniques. An electronic computor program was written to
calculate the index I. This program was used to calculate the index I
for the load situation described by Eq. 4.8 for the range:
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< ax < .6 0 < qmax < .6, 0 < < /2 4.14
with 4 different VJPV characteristics given by Fig. 3.3a, b, c, and d.
The results are given in Fig. 4.1a, b, c, and d respectively.
Two further simple cyclic loads are considered briefly here. First
the case of a piston driving a friction type load where
FF F 4.15
max ItI
again assuming y Y sin wt. After normalizing as before, the load
locus are given by:
F
qL - qmax cos (wt)ax Pmax  AS
4.16
qL YAW
FL ?max where qmax QN
Again the calculations were carried out for 0 < Pmax < .6,
0 c qmax < .6, and VJPV characteristic given by Fig. 3.3d. The results
are given in Fig. 4.2d.
Second consider the case of a piston driving a constant force load
in a sinusoidal manner. Then
F = F y = Y sin wt 4.17
max
and after normalizing:
95.
F
max
L max L PA
where
YAw
qL = qmax cos (wt) qmax 4.18QN
Again the calculations were carried out for:
0 _ m .6, 0 < q < .6Pmax -max-*
and the VJPV characteristic given by Fig. 3.3b and d. The results are
given in Fig. 4.3b and d respectively.
Interpretation of Numerical Examples
Fig.4.1, b, c, and d show dramatically the effect of the fixed and
variable downstream orifices on I, the index of relative efficiency.
Comparing b with a illustrates the decrease in efficiency that
results from changing Ko from 10 to 2.98. It is apparent that o should
be made quite large for efficiency sake. The decrease in efficiency as
a result of adding a fixed orifice is illustrated by comparing Fig. 4.lb
with c.
The large increase in I that results from overlapping the VJP nozzles
but not the variable orifice is shown by Fig. 4.1d. This, of course, re-
sults in a pronounced non-linearity of the VJP characteristics and would
probably only be suitable for applications where static regulation of the
position is not required.
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These other conclusions can be drawn from the examples. An increase
in qmax (or one could say average flow rate) generally results in an
increase in I which is quite desirable because at high flow rates it is
most important to achieve efficiency. An increase in m generally
max
results in a decrease in I. As increases from 0° to 90° there is a
decrease in I. Referring to Eq. 4.8 it is apparent that is a measure
of the amount of damping in a system. At * = 0 there is no damping and
49 fensC A Iare .. _I -L..1~~- As AtL- g 1-2 Al y.- CASH-_ A acL L1 J.t; L &l&L j JUWL UptJpL.LeU LU Lr LUo ua. aL a.ny onUer LnCe average
power supplied to the load is:
1 T M sq maQNy1 (PPs) (TM) d ax s f 0 cos(t) sin(t+)dt
pmax PsqaxQN
sin *
This is very similar to the power factor used in electrical circuits.
Thus, it is generally true that as the power factor increases the rela-
tive efficiency decreases, assuming max and are constant.
Other Efficiency Considerations
There is the possibility that in some applications a considerable
indirect savings in total power consumption and initial system cost and
weight will result from using the VJPV. This is-a consequence of the
flow multiplications in the VJPV at low output pressures. Where high
flow is needed only at lower pressures the use of the VJPV may enable
the use of a smaller flow capacity hydraulic power source. This property
is displayed by a number of load situations. When driving a highly re-
active load such as a spring or mass the highest flow is needed at zero
r
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pressure. Machine tool spindles, tables, rams, etc., usually operate
at highest speeds when under lowest loads and highest loads at lowest
speeds.
To determine the maximum supply flow needed it is only necessary
to construct the load locus on the VJPV characteristics and observe
the maximum supply flow. The supply flow needed for any ordinary
orifice valve is at least the maximum load flow. Thus, the two are
readily comnared. FiR. 4.4 illustrates this flow savin2s for several
load loci using the VJPV characteristics of Fig. 3.3b.
Conclusions
Under favorable load conditions it appears the VJPV will be of the
order of twice as efficient as an orifice valve. Also the necessary
flow capacity of the supply system may be reduced by a factor of the
order of 50%. The most favorable load conditions are achieved when the
valve is used a substantial amount of the time delivering high flows at
low pressures.
In order to realize the savings that are possible it is important
that the flow saved in the control system not be dissipated in the
hydraulic supply system.
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Chapter 5
EXPERIENCE WITH A 4-WAY VJPV
Introduction
A breadboard 4-way VJPV was constructed. The VJPV was incorporated
in a feedback control system used to position a mass. Various tests
were conducted to verify the feasibility of achieving dynamic control
and improved efficiency with this valve.
Apparatus:
The complete apparatus consists of a hydraulic position control
system with necessary instrumentation. The block diagram of the control
system is indicated in Fig. 5.1. The mechanical arrangement of the VJPV
and the load cylinder are given in Fig. 5.20. Photographs of the com-
plete VJPV control system and close up photos of several of its details
are given in Fig. 5.2b, c, d, and e. Clearly the construction is crude
by commercial valve standards but is quite suitable for demonstration of
the principal of the VJPV. The VJP's are of the same design used in
Chapter 2 (Fig. 2.3). The 2 orifice spool valve is an adaptation of a
commercial 4 orifice spool valve. It has a 1/4 inch bore with approxi-
mately 3/4 of the circumpherence machined out at the orifices. A
special housing was made to hold the sleeve and provide the oil ports.
Fig. 5.3 clarifies the orifice valve construction. All load line tubing
is 3/8 O.D.,, 5/16 I.D. steel. The flexible connections attaching the
torque motor to one VJP and the spool valve are made of .031 piano wire.
Threaded connections are brazed on the ends of the wire to allow connection
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to the individual components and adjustment of the relative positions
of the spool and the two VJP nozzle cones. The same pressure control
system was used as in the testing of single VJP dynamics.
The essential instrumentation consisted of position and velocity
transducer (Bourns Co, Model No. 108, Sanborn Co. LYsyn-6LVA8 respec-
tively), on the hydraulic cylinder, two static pressure gages to measure
supply and exhaust pressure, a position transducer (Sanborn Co.
Linearsyn 590-DT-.025) to measure the torque motor position and flow
meters to measure flow returned to stand. The dynamic signals were
displayed on a Tektronix dual beam oscilloscope (Model #502). Permanent
records of the scope output were made using a scope mounted Polaroid
camera.
The hydraulic cylinder has a one-inch bore and stroke. The central
shaft is 0.375 in diameter giving a piston area of 0.675 in2 . To the
cylinder could be attached a mass of up to 115 lb,
A Hewitt-Packard model #202A low frequency function generator was
used to provide the desired position signal. An American Measurement
and Control Model #652 servo-amp was used to sum the desired position
and actual position signals and amplify these to drive the AM&C Model
#104 servo motor.
Aligning the orifices on the spool valve and the nozzle cones on
the VJP's was accomplished as follows. On the supply pressure port of
each VJP and on the exhaust port of the spool valve provision was made
to connect an air hose-after disconnecting the hydraulic line. Just
as the orifice (or nozzle) opens a distinct change in sound results as
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the air rushes through the opening. By using the very sensitive
position transducer attached to the torque motor it was possible to
observe at what torque motor position each orifice or nozzle opened.
Through repeated trials it was possible to align the orifices and
nozzles to approximately .0005 inch. The resulting VJPV is approxi-
mately line-to-line. Subsequent tests measuring valve output flow as
a function of torque motor position indicated that the valve was
slightly overlapped.
VJPV Parameters
The throat diameter on the VJP's is .070 in. which results in:
= D2 E 5 (126)* (070) 2 s 0.616 r in /sec
0.16 V gpm
5.1
The variable orifice constant is approximately:
K ,Cdfd/ 2 (0.0625) ( 0.25.75) (.03125) - 2.98 5.2
wD /4 w(.070)2 /4
where d = .0625, D - .070, = circumpherential length of variable
orifice is approximately equal to (3/4) (.25). The value of Cd 
.0625 is quite often taken as the discharge coefficient for sharp edge
4 \ = 126 see appendix 2.
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orifices but various investigators have found slightly different
values.
The check valve constant is given by:
CdA
K - dc (0.0625) (.650) (.012) . 3.98 5.3
ac D /4 w (.07) 2/4
where Ac is the product of the check valve disk circumpherence,
0.625 in., and the travel of the disk, .012 in.
As much as possible Xorifice, and XVJP are zero. (d/D) is
0.892 .9. There is no fixed orifice so Kf does not apply.
Efficiency
The index I for the case where the load consists of a mass driven
sinusoidally was determined in the following manner. By introducing a
sinusoidal input signal from the function generator, the piston and
attached mass would move in an approximately sinusoidal fashion. By
measuring the amplitude of the piston displacement and knowing the
frequency of oscillation the average load flow was readily determined.
The average supply flow was measured on a flow meter as the oil returned
to the test stand. The ratio of these two (i.e.,. load flow/supplying
flow) is clearly I. Assuming the motion is sinusoidal max and qmax
are determined by Eq. 4.8.
In this case * = 0 (see Eq. 4.8). The index I should not depend
on ax to any appreciable extent as indicated by Fig. 4.la. Therefore,
max
the experimental results can be compared with the theoretical prediction
on a single graph of I versus qmax'
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Fig. 5.4 is such a graph. The data is taken from a trial where
P - 1240 psig, and Pe = 237 psig. Therefore, =v -.236. Load
s e yap
weights of approximately 60 and 0 pounds were used at frequencies
between 2.5 and 10 cps.
The experimental points lie slightly above the predicted values
at all but the lowest values of qmax but retain the general shape of
the curve. Possible causes of this slightly higher efficiency are:
(1) the VJP cones are slightly overlapped with respect to the orifices
(i.e., xVjp xorifice ); (2) the value of K is too low because Cd > 0.625.
Closed Loop Dynamic Response
The purpose here is to present the result of frequency and step
response tests to demonstrate the feasability of achieving stable,
reasonably fast dynamic control. The breadboard system has several
features which prevent the very best dynamic performance. Among these
are somewhat flexible connections between components and long lines
connecting the valve to the cylinder.
The frequency and step responses were taken under 2 load conditions--
0 and 60 lb. load. In each case the gain was- adjusted to give approximately
the "best" dynamic performance. A bode plot for the 0 load and 60 lb.
load are given in Fig. 5.5a and 5.5b. Very roughly these both appear to
give underdamped systems with damping ratio: 6 0.5. The corresponding
step responses are given in Fig. 5.6a and 5.6b. Figure 5.7 shows another
step response for the 60 lb. load where the gain is one-third greater than
in Fig. 5.6b. The step responses also indicate a considerable underdamped
second-order system. Fig. 5.8 illustrates typical wave forms for input
and output driving a 60 lb. load.
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Dynamic Spool Position-Flow Tests
It is common procedure in valve testing to measure the load flow
at zero load pressure as a dynamic function of spool position. In the
case at hand, the spool position is given by the output of the position
transducer measuring the torque motor position. The flow is taken as
being proportional to load cylinder velocity.
By supplying a sinusoidal input to the feedback loop with the loop
gain set low, the torque motor position varies approximately sinusoid-
ally. With all load removed the load pressure is approximately zero.
The velocity of the load piston is proportional to the load flow which
is now only a function of torque motor position. This is found to be
experimentally true at low frequencies. Figure 5.10 is a photograph of
two Lissajous figures taken at 5 cps. The central figure is torque
motor position on the horizontal axis with load piston velocity on the
vertical axis. The velocity is seen to correlate well with position.
An apparent overlap of the valve is shown by the inflection of the curve
at zero velocity. The outer or circular Lissajous in Fig. 5.8 is of the
torque motor position on the horizontal axis with load piston position
on the vertical axis. Since position is the integral of velocity it is
expected that this Lissajous show a 90° phase shift. Figure 5.9 is a
similar figure for 50 cps oscillation of the torque motor. Here the
correspondence of torque motor position to load cylinder is poor. How-
ever, in terms of the principal frequency component there seems to be
little phase shift or amplitude attenuation up to 50 cps in the torque
motor position - load piston velocity relationship.
Cps
5
30
50
Input
5
5
5
Output
6.6
6.0
5.5
Phase
0
0
0
Conclusion
The VJPV has been demonstrated to offer a means of improving power
efficiency in hydraulic control systems. Indications are that the
quality of control (dynamic response and stability) is similar to
orifice valve control.
cm on scope face
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Chapter 6
OTHER APPLICATIONS AND SUGGESTED FUTURE RESEARCH
Examples of Other VJP Applications
A particular application of the VJP has been studied in detail in
Chapter 3, 4, and 5--namely the 4-way VJPV for constant supply pres-
sure. However, as a general principle the VJP may be applied in any
situation where the flow of fluid is normally regulated by variable
orifices. Some of these applications are qualitatively described here.
Pressure Control or Relief Valves
Frequently it is desirable to provide a pressure regulated supply
of hydraulic fluid using a constant flow pump. In this case the excess
of the pump flow over the flow demanded is throttled through a pressure
control or a relief valve. This excess flow might better be used to
increase the back pressure on the pump using a VJP as shown below.
Pump
P,S
Pre
The spool position is manipulated to maintain the desired pressure
difference P - P .
s e
*This application ay be restricted by patent7 no. 2,47,388.This application may be restricted by patent no. 2,457,388.
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Constant Flow Valves
The 4-way constant-flow valve appears to have no simple construction
as did the 4-way constant pressure valve. However, a valve for this
application is conceptually possible. In this case it is desirable to
use the excess flow to build up the back pressure on the pump. A
schematic is shown below.
//,/ ////L , / /// /
PUM
[GA
/s,,,f,~ - , P, ., _, ,
~/'/z,,',,T 7 ,v / / --/-....
P
I. _ ; 
H1 T P
2 and 3-way Valve
These are obvious extensions of the 4-way valve. The VJP itself
is a 2-way valve and in such applications as a one-directional speed
control may have immediate application.
I
II
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Suggested Areas of Future Research
Many problems concerning actual mechanical design and manufacture
of VJPV's need attention. Particular instances are, (1) the structural
analysis of nozzle plate stresses, strains, and endurance; (2) check
valve design for speed and reliability; and (3) "optimal" shape and
arrangement of parts.
A nicely defined basic research work could be done in verifying,
or modifying the two phase flow theory given in Chapter 2. In this
regard the very rapid pressure fluctuations believed to be caused by
the collapse of the 2 phase flow is of theoretical interest.
The increasing emphasis on no-moving-parts hydraulic and pneumatic
equipment poses the question of whether a device with no moving parts
could be devised to perform the function of the VJP.
Finally, one might ask, is there a possible need for pneumatic
VJP's and if so can they be successfully built.
r
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Appendix 1
GEOMETRY CONSIDERATIONS
Diffusor
Conical diffusors of 7 included angle and area ratio of 4 were
used in all tests. The literature shows any angle between 3 and
9' will exhibit about the same pressure recovery and that angles up
to 15° degrade performance only slightly. With fully developed tur-
bulent flow a 7° diffusor with area ratio 4 should recover approximately
85% of the dynamic head.
Mixing Section
If wall friction is disregarded, one-dimensional analysis of jet-
pumps indicates that converging mixing sections (the so-called constant
pressure mixing is a special case of this) are superior to constant
diameter mixing sections. This led the author to try 3 converging
mixing sections as shown in Fig. 1Oa, b, and c. Except for Fig. 1.10c
these performed poorly at the Reynolds number of interest, although it
is suspected at very high Reynolds number the longer converging mixing
sections, Fig. 1.10a, and b would do quite well. From these tests it
was concluded that a very short.mixing section was needed. A zero length
mixing section model was built, Fig. 1.10d. This unit displayed pressure
recovery characteristics similar to the geometry in Fig. 1.10c.
Ratio of area of diffusor exit area to diffusor inlet area.
See Eng. Applications of Fluid Dynamics, J. C. Hunsaker and
B. G. Rightmire, McGraw-Hill, 1947, p. 348.
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It was observed that choking set in at lower values of Qe indicating
that the exhaust flow separated at the entrance to the diffusor in
the manner indicated in Fig. 1.10d. Finally, the standard geometry
was tested with substantially the same results as those given by the
geometry of Fig. 1,10c. The extremely short mixing section seems to
be at variance with the results of other investigators of jet pumps.
This may well be because in all other investigations great care is
taken to provide a smooth uniform nozzle jet, thus retarding mixing.
The nozzle used here is likely to create a great deal of turbulence
making mixing a very fast phenomena.
Nozzle to mixing section spacing
Cunningham indicates that a good spacing to separate the mixing
section from the nozzle is * for .1 q < .6. Because s
is not constant in this application but varies from 0 to .55 this
formula is hard to apply even if appropriate. A value for this spacing
found to be quite good was D, which in Cunningham's formula corresponds
to q = .17. Using much smaller spacing would hinder the exhaust flow.
Larger spacing reduces the pressure recovery.
Nozzle plate and slider
These elements replace the usual constant diameter nozzle. It is
the purpose of these parts to develop a stream of fluid of variable
I have taken some liberty in translating Ctinningham's results
to this quite different geometry.
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cross sections. The energy losses should be held to a minimum (i.e.,
Cv should be close to 1.0). The stroke of the slider from full open
to closed should be short in order to increase the power gain of the
VJP. Three different cone angles, a, (Fig. 1.3) were tried for the
sliders. Namely, 10', 25', and 45'. C increased as the angle increased,
although 25' and 45° had approximately the same apparent C. The gain,
of course, increases with increasing angle. Thus, the 45' angle was
chosen. This problem deserves more detailed attention. The nozzle plate
angle, , Fig. 1.3 was not investigated. It was assumed that should
be much greater than a so that the flow remains next to the slider cone.
However, this assumption may be unnecessary. Of course, is limited by
strength of material considerations. A more sculptured nozzle plate was
tried as shown in Fig. 1.11. This made no improvement in performance
and in view of its more difficult manufacture it should not be considered.
*~~k~~ ~change in nozzle flow
By gain is meant the (chane in s lder position
change in slider position
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Appendix 2
REYNOLDS NUMBER AND NORMALIZING FACTOR CALCULATIONS
All calculations are based on J-43 at 96°F. Viscosity and density
of J-43 versus temperature are given by Fig. 1.4. The 3 Reynolds
numbers of interest are:
V-P p
RT 1
R _ vap D
vap .
In all experimental work of Chapters 1 and 2, d = .108 in. D .125 in.
From Fig. 1.4:
-5 lb.sec2
p 7.8 x 10-5 lbse
in4
-6 lb.sec.U = 2.2 x 10 2
in
·thus,
Xzp .= 5.63 x 103
RN.- 613 VP
R p 710 I-Pvap vap
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The normalizing flows of interest are
I 2 2Ps
4 P
and
4 p
since 2 = 126
-d d2 s 1.47 4 7
2 ' 1.97 V
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Appendix 3
VJPV PRESSURE-FLOW EQUATIONS
In Chapter 3 the equations describing the pressure-flow character-
istics of a 4-way constant-supply-pressure VJPV were presented. In
that derivation Ps and P4 were takenS
QL.
as zero and it was shown that under ordinary conditions this would lead
to only a small error in the VJPV characteristics. If this error cannot
be tolerated Eq. 3.13 no longer is valid and the following relationships
must be substituted.
As in Chapter 3 define:
2
g(X) = () (Cd f(X) + qNo ) III.1
If 1 < 2Cv g(X4) - (2 - n) g (X4) then the VJP is not in the blocked
condition. To apply the equations given in the "Summary of VJP Character-
istics," p. 29, some care must be taken. In these equations it is assumed
Q1_
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that the exhaust pressure is zero in the induced and choked flow
condition. If the check valve pressure drop is to be considered,
then the exhaust pressure in the induced and choked flow condition
is less than zero. Thus, while the equations are still correct it
must be remembered that all pressures must now be referred to P4
rather than zero (i.e., P). The original induced flow equations
are:
P L 2Cqs - (2 - n)q2 - [2(2 - )q + (2 - n - )q ] q
III.2
qs g(X)
(Valid only for exhaust pressure equal to zero)
Putting these in unnormalized form with pressures referred to P4 they
become:
P1 - P4
P -P 2Cv
s 4
Q5 2
- (2 - ) ]
At V2%(Ps - P)/P
TTT.
5 Qs
-[2(2 - n)Q + (2 - n - )q 0 1 Qs
AT V2(Ps - P4) /P V2(s - P4 ) /P
= g(X4)
.ATV 2(P - P4)P4
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then substituting:
rY l Ps-p 4 111.4P4 P
III.3 becomes:
1l 4 2C y q5 - (2 n) q5
[2(2 - n) q5 + (2 - n - )y qeo] q8 III.5
q5 ' Y g(X4)
One also has the relationships from Eq. 38 that:
q8 K \KIcV III.6
Eq. III.4, III.5, and 11I.6 are four equations in four unknowns,
p4, q5, q8, and y, which when solved, replace the induced flow
portion of Eq. 3.13. P1 and X4 are considered given.
For the choked condition, the original equations are:
1 -P p kv C P
yap III.7
q5 - g(X)
(Valid only for exhaust pressure equal to zero)
Again referring all pressures to P4 Eq. IIT.7 writes:
CvA 2(P5 P) /
Ps - P
s 4
Ps -P 4 -(Pvap - P q)s yap q
k V 2(P - P )/p
i s q
Ps P4
(Pvap - P4)
q5
CvV 1 - ap
+ q8
kvV yP- 8vap
111.9
III.10
and as before:
q5 -= g(X4 )
q8 = kV 
4
Eq. II1.9 and III.10 replace the choked flow portion of equation 3.13.
1=
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